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Parameter identification of chaotic system based on a multi-strategy
improved whale optimization algorithm

PAN Yueyue', WU Lifei’, YANG Xiaozhong’

(1. School of Control and Computer Engineering, North China Electric Power University, Beijing 102206, China; 2. Institute of In-
formation and Computing, School of Mathematics and Physics, North China Electric Power University, Beijing 102206, China)

Abstract: Aimed at the problem of low parameter identification accuracy of chaotic systems, a multi-strategy improved
whale optimization algorithm (MIWOA) is proposed based on the whale optimization algorithm (WOA). MIWOA uses
Chebyshev chaotic mapping to select high-quality initial populations, and nonlinear convergence factor and adaptive
weight to improve the convergence speed of the algorithm. In order to avoid falling into local optimal solution, MI-
WOA dynamically selects adaptive t distribution or ant lion optimization algorithm to update the later position and im-
prove the ability to handle local extremum. Through simulation experiments on 10 benchmark functions and high-di-
mensional test functions, it is shown that MIWOA has good stability and convergence accuracy. Applying MIWOA to
identify the parameters of Rossler and Lii chaotic systems, the simulation results are superior to existing achievements,
indicating the efficiency and practicality of MIWOA in identifying chaotic system parameters in this paper.

Keywords: multi-strategy improved whale optimization algorithm; chaotic system; parameter identification; Chebyshev

chaotic map; adaptive ¢ distribution; ant lion optimization algorithm; benchmark function; Wilcoxon rank sum test
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Rosenbrock’s Function(fs) [-30,30] 0.010
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Fig. 6 Average convergence curves of 30 dimensional test functions
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3.3 Wilcoxon Bk FN{& 3%

Wilcoxon k1A 56 fiig % A6 I 5 Sk &2 2% i A
Gy, I 58 2 WAs AT I EEE XS T, 2 bk
B MIWOA BBk seubidt e B2 = N
5% , M p <5%FEMAEA YR 2ZER, RZTW

FUHE) F WOA3 (R HI A 38 L ¢ 7341 3 O A 55
%) R THRAR IR 4.

% 3 Wilcoxon Bxfn#& 8 45 R

Table 3 Results of Wilcoxon rank sum test

PREL woa PSO ABC GWO HHO
W2, fF5c+ 7 = e =40 R R MIWOA -6 -6 -6 -6 -6
1 . X . X . X . X . X
y fi 2.00x107° 2.00x10°° 2.00x10° 2.00x10™° 2.00x10
£ P -, 7l A1 V4 S N —
F]/J T&F'flfﬁ':i‘ %jf,*n*sé?ﬁ%%%’ A %%ij: fr 2.00%10° 2.00x10°° 2.00x10°° 2.00x10° 2.00x10°
PRI AT A AL B MIWOA £ 10 i1 £ 2.00x107° 2.00x10°° 2.00x10° 2.00x10™° 2.00x10°°
R 1 o LI X . . . . .
@ﬁﬁ?},ﬁ n%lﬁ}]oé‘ P50, ABC‘SWO ‘U& i 2.00x10° 2.00x10° 2.00x10° 2.00x10° 2.00x10°
HHO 12 f7 &5 Rt 17 Wileoxon BARE, 7R S5 125x107" 2.00x10° 2.00x10° 8.51x10 " 2.00x10°
. " 5 25% .00x .00x Slx .00x
piliic 23 5iR m Koy <5%. B MIWOA fo  6.00x10° 2.00x10° 2.00x10° 2.00x10"° 2.00x10 °
5 . . 6 .00x .00x .00x .00x .00%
HFAEDLT 5 HX R, £ 2.00x10° 2.00x10°° 2.00x10°* 2.00x10°° 1.47x10°
s AR s 7 .0UX 00X 00X .00x 47x
34 MIWOA ARRIHUE R RS ) 52157 AT fs 3.13x10°" 230x10° 2.00x10° 1.40x10°
N N N 8 5% J0x .00x 40x
LB 3 IR MIWOA BERE 9T, Lo g}
s =1 ros 2.00x10°° 2.00x10° 2.00x1
W1, SN =30, D=30,T =500, XFf ~ fol AT FHI N 2000 208 AD
- 9.00x10° 2.00x10°° 2.00x10°* 9.03x10
5, K MIWOA 55 WOA . WOAICRJH Chebyshev /1(/) 7172 10/0/0 9/1/0 9/0/1 87;10
N ~, ’\/ \ N +:7
TRIE W) WOA2CK H AR 26 M e 85 H 7 AT A 3
T4 FEMFHFRBEBEEMEREITLE
Table 4 Performance comparison of algorithms for different improved strategies
PRIER Ean WOA WOAL1 WOA2 WOA3 MIWOA
BAE 1.25x10°% 3.72x10° 0 0 0
; B2l 1.27x107" 2.16x107" 0 0 0
1
SEHE 6.84x107" 1.08x107" 0 0 0
bR 2.62x107" 4.04x107" 0 0 0
BAE 1.45x10°° 1.14x107 3.45x10°% 0 0
; B2l 2.85x107" 1.73x10°% 5.63x107°% 0 0
2
SEHE 1.01x107"° 8.04x10"" 1.88x10 7% 0 0
bR 5.11x10°° 3.12x10°° 0 0 0
FR(E 1.46x10" 2.48x10° 0 0 0
; B2l 7.97x10* 1.41x10° 0 0 0
3
SEHE 4.70x10* 8.05x10°* 0 0 0
bR 1.56x10°* 2.81x10* 0 0 0
BAE 1.54x10° 4.04x10"" 5.95x10 > 0 0
. B2l 8.70x10" 9.66x10" 6.93x10 " 0 0
4
SEHE 3.93x10" 5.40x10" 4.02x107% 0 0
bR 3.07x10" 3.29x10" 0 0 0
BAE 2.72x10" 2.71x10" 2.75%10" 1.12x10°° 1.38x10
B2l 2.88x10' 2.88x10" 2.88x10" 1.51x10™" 8.58x10"
fs
SEHE 2.79%10" 2.79x10" 2.81x10' 2.10x107 3.27x107"
bR 4.78x10"" 5.12x10"" 3.63x10" 3.84x107 2.84x107




<183« PRI, 45—l 22 SR e it £ DG fE BT TR T R SRS BN 55 1 3]

sZk4a
PRI et WOA WOAL1 WOA2 WOA3 MIWOA

s 1.20x10"" 1.01x10™" 2.52x10" 1.44x10” 1.27x107
D! 1.29x10° 8.20x10" 8.25%10" 1.40x10 4.15%x10°

o SEIE 4.82x10 "' 3.58x10 " 4.80x10"' 1.39x10"° 1.65x10 ¢
N 2.86x10 "' 1.98x10"' 1.76x10"' 3.06x10° 1.46x10°
S LIRI] 1.33x10° 1.66x10 " 7.12x10"7 2.25x10° 2.03x10°
D! 9.45x10" 1.77x10 3.71x10™ 2.71x10™" 2.86x10°

& SEIE 3.17x10° 421x10° 1.01x10"* 5.79x10°° 1.06x10°
FrifEZE 2.78x10° 4.76x10° 8.87x10°° 522x10° 8.36x10°°
S LIRI] -1.26x10" -1.26x10" -1.26x10" -1.26x10" -1.25x10"
REE ~7.44x10° ~7.61x10° -1.11x10" -1.13x10" -1.17x10"

& SEIE -1.02x10" -1.01x10" -1.24x10" ~1.24x10" -1.22x10"
FrifEZE 1.60x10’ 1.75x10° 3.85%10° 2.49x107 3.40x10°
S d)/R(ER 0 0 0 0 0
2l 0 0 0 0 0

" FHME 0 0 0 0 0
FrifE2E 0 0 0 0 0
Al 8.88x10 ' 8.88x10 ' 8.88x10 ' 8.88x10 '° 8.88x10 '
D! 7.99x10 " 7.99x10 " 8.88x10 "¢ 8.88x10'° 8.88x10 "¢

fio SEIE 4.56x10 " 3.97x10 " 8.88x10 "¢ 8.88x10'° 8.88x10 "¢
P2 2.51x10 ° 2.71x10 ° 0 0 0

2% 4 A0, 3 Rk RS M X WOA ¥ AR 2L,
TR B2 T, WOAS Wb SR e i, WOA2 IR 3.5 MIWOA 5 REHE B i WOA Xtk
Z, WOAL Wy 45 FAR T HAh 2 Fh AL I A TR MIWOA 5 HoAth 2l iE WOA 19 ik
50, (BXF WOA A B A B E 2R o K 3 Fh &R, 4N =30, D=500, T =500, 5| FH 3 Ff & 7k
ik S W AR 4 A, R R AR, R T (oBCWOA "™ ewoA " fil MEWOA ) 1%,
WOAIL, WOA2 Fl WOA3, £ W] 3 Mt kMg 2 MRS T, XA ~ fiolllif, g5 %% s,

RS5 MIWOA 5H At WOA tEREXT EL
Table 5 Performance comparison between MIWOA and other improved WOAs

Bk bt oBCwWOA™ ewoal MEWOA!" MIWOA
5 SR 1.44x107°" 1.30x10°" 0 0
1 N
FrifEZ= 0 0 0 0
; SR 2.09x10™* 1.25x107" 0 0
2 _ _
IRl = 1.08x10~"*! 4.43x107'" 0 0
SEHH 3.47x10 > 2.76x10 "° 0 0
f
3 _
e 0 1.30x10 ' 0 0
SEH(E 3.02x10"** 2.83x10°7 0 0
f
4 _ _
bR 1.24x10 " 1.47x10°° 0 0
f SR 4.95x10° 9.51x10 8.32x10° 4.98x10
5

Rl = 2.26x10" 7.91x10° 3.01x10° 9.44x10°"




519 % /o R 4 ¥ W <184 ¢
ks
PREL Fabr OBCWOA!"” eWOA™ MEWOA™” MIWOA
SFEE 2.84x10° 2.86x10' 2.06x10' 1.11x10°
o i 6.57x10' 3.28x10' 4.09x10° 2.31x10’
B 1.80x10™" 2.07x10"* 3.30x10™" 4.15x10°°
& PR 1.47x10 " 1.88x10 * 3.53x10 2.80x10°
S —2.05x10 -2.03x10° ~2.09x10° -6.21x10"
& PR 9.53x10° 1.50x10" 3.10x10° 4.04x10°
RRfIEN 0 0 0 0
s brifE2E 0 0 0 0
S 1.01x10 " 8.88x10'° 8.88x10 '° 8.88x10'°
& bR 6.49x10 " 0 0 0

RSHERBR, X F RIS~ fi, MIWOA 5
MEWOA 1] DL 7E 47 FR v a2 AR 0k 80 380 e AR A, T
OBCWOA Fll eWOA AH X} W S5ORs B 4G o % F oy
0S5 ~ fio, MIWOA I Dl FH B /0 (18 2% A R Uk i 8
P AAE, U MIWOA H H Al 2k WOA 11
BUORTELT

S 4 Xt % 2% (mean absolute error, MAE) J&
PPN A T AT B T AR, AR A

Ny
Z [m; — o
i=1

Eyapn= 0 20

s m Ry B SR i 25 - 41, 0,k 5 DU bR 2K
FSAE, NI R B4, % 6 HERIS(EE
EI fPRELSN, 4 PR L MAE HEJP, tit 4
AL, MIWOA ) MAE {H /N, HEZ 5 1, IEBH T
AR S SR A R

& 6 4B WOA i) MAE HE &
Table 6 MAE ranking of four improved WOAs

ER7R MAE HE#
MIWOA 6.77x10' 1
MEWOA 9.47x10' 2

eWOA 1.09%10° 3
OBCWOA 5.82x10° 4

3.6 MIWOA K% 5 4 ok $1 9 SK3w 43 4
R TR ZE S nT 0, X A L I e A, A
S MIWOA FALRCR R AT, (H 52 Fr R H b s 4 K
FRAR 0] 8138 3 4776, R T Kz 3% MIWOA K fiff = 4
) B30 B AT 470, R HEAE 10 A4S 3 ofE pR 8, N =30,
T =500, D =200 500, 1000f%# F, i247 30 I HL
A, AR IS SCHR [25] KA E SRR, 4
PR ZERG B ANR 1 s, THEZE R R 7,

R7T BHNK EBMALRTLE

Table 7 High dimensional test functions optimization comparison

- . WOA MIWOA
iy PR — - — -
SEHE FrifEZE IR % HE trifE2E IR %
fi 6.20x10"" 1.22x10'" 100 0 0 100
bi3 6.90x10 "' 1.05x10™% 100 0 0 100
f 2.94x10° 3.68x10° 0 0 0 100
fa 6.41x10" 3.00x10" 0 0 0 100
f5 1.96x10° 6.86x10" 0 1.99x10° 1.03x10™" 0
200 » 5 . 0
fe 8.71x10 7.01x10 0 4.20%10 1.87x10 0
£ 4.88x107 5.71x107" 100 1.10x107 9.27x10°° 100
e -8.16x10° 2.68x10° 0 -2.69x10" 2.72x10° 0
Jo 0 0 100 0 0 100
fio 4.44x10°" 0 100 8.88x10 "¢ 0 100




<185 - TOLE, & —Fh £ R mE ek A AL Bk IR TE R S EUOHER %1
k7
. WOA MIWOA
I brifE2: IR % EHIE bRz ALTIE/ %

fi 2.12x10'"  420x10'” 100 0 0 100
f 5.06x10 " 8.84x10 100 0 0 100
e 1.65x10 2.51x10° 0 0 0 100
fa 9.23x10' 4.44x10° 0 0 0 100
fs 4.93x10° 2.68x10" 0 4.98x10" 9.44x10° 0

200 fo 1.41x10° 2.68x10" 0 1.11x107 2.31x10° 0
f 1.01x10"* 6.41x10° 100 4.15x10 ° 2.80x10° 100
5 ~2.02x10° 1.02x10" 0 -6.21x10" 4.04x10° 0
fo 0 0 100 0 0 100
fio 8.88x10 "¢ 0 100 8.88x10 ' 0 100
fi 577x10'" 1.15x10 ™ 100 0 0 100
f 431x10°" 8.17x10* 100 0 0 100
e 6.16x10’ 8.23x10° 0 0 0 100
fa 1.82x10' 3.13x10' 20 0 0 100
fs 9.89x10 2.71x10" 0 9.98x10” 1.64x10"' 0

1000 fo 2.21x10° 432x10" 0 2.26x107 3.83x10° 0
f 2.22x10" 1.68x10" 100 1.54x10°° 1.03x10°° 100
fs ~4.17x10° 2.64x10° 0 -1.27x10° 1.32x10" 0
fo 0 0 100 0 0 100
fio 4.44x10 "° 2.25x10 7 100 8.88x10 ' 0 100

MR 7 AT LLE Y, PSR A SR A v 4 D R W RE AR e 1 o

Bk, FUUAE B LR AR 4k pR s A7 T B, (R 4A
1] 3K B A A BE, ARG BRAHZE L . MIWOA 7£
7 ASSEUE R B TR FRIR B T 100%, A [F) 4
£, MIWOA 1) F- 3R b WOA T 47, i
MIWOA Xt F 3K fift = 4 Ak n) 280 5L A 4 g 1) 3

3.7 MIWOA F1iz1THf B 2 47

T B E MIWOA BT HUE, - H 5 PSO.
ABC,GWO.,HHO, WOA, WOAl, WOA2,
WOA3 iz17 30 YR HY-F- I E ., N =30, D = 1000,
T =500, i+H 45 R a3k 8,

®8 EERYIMFHRER L

Table 8 Comparison of average time for optimization of benchmark function

PREL PSO ABC GWO HHO WOA WOAI WOA2 WOA3 MIWOA
S 0.185965  0.896558 1.841394  0.474676  0.990446  0.993390  0.791372  2.640294  2.831416
fa 0.210007 1.042312 1.906151 0.499580 1.001265 1.015737  0.806834  2.693293  2.949955
f 11.733200 24231920 13.348200 28.451700 12.423210 12.669270 12.750030 14.626220 14.395090
Ja 0.190802  0.888369 1.876443  0.647402  0.997229 1.012785  0.805426  2.644809  2.827659
fs 0.229961 1.160296  2.082310  0.972187 1.066210 1.192295 0974036  3.034523  2.931688
e 0.189715  0.904281 1.847458  0.793947  0.993877  0.993818  0.778792  2.623457  2.742954
S 0.635681 2210740  2.617710 1.502435 1.724 080 1.783997 1.513049  3.506316  3.821165
fs 0.647423 2377715  2.402996 1.658702 1.559784 1.612248 1.399342  3.182873  3.422051
fo 0.477926 1.927073  2.245431 1.249936 1.379308 1.414927 1.228820  3.035198  3.260680
Jio 0.494707 1.996512  2.219010 1.252647 1.428 666 1.410218 1.190316  3.099208  3.261962
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PR 5 R AR EEAER . LA Rossler
TR R85 M, B 0FE MIWOA T LUK A FE iR 1R 1l
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Fig. 7 Dynamic track of Rossler chaotic system
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Table 9 Comparison of one-dimensional parameter estimation results for different algorithms

. B ] S (a SR S (AR SEH3 (cARAD)
PEMFE bR Bk
a J b J C J
PSO 0.200000 6.45x10 " 0.199999 9.08x10 5.699993 4.87x10
ORIl WOA 0.200000 1.27x10 " 0.200000 2.29x10 " 5.699999 5.86x10
MIWOA 0.200000 0 0.200000 0 5700000 0
PSO 0.200000 438x10 0.200001 4.03x10 5700005 1.13x10"!
SPHfE WOA 0.200000 1.63x10 0.200000 2.06x10 " 5700003 8.71x10
MIWOA 0.200000 1.73x10 " 0.200000 4.22x10 "° 5700000 1.09x10 "
PSO 0.200001 1.45x10 " 0.200002 8.55x10 5700014 1.79x10"!
B WOA 0.199999 5.75x10 0.200000 3.72x10 ° 5700015 2.15%x10 "
MIWOA 0.200000 8.88x10 0.200000 2.00x10 " 5.699999 3.13x10 "
PRIG IR A S B 2 RS IR s

RGESHH PP R R, THAE SR 10,
FE 10 fhiitafnon] LLF H, 45 555 1 RO A1
L, A X F — RSB O, 18 RN g
AT, A MIWOA 135845 54148 T PSO i
WOA, 55 4h 2 Pl il o 45 Y A BE 19 2538, B F
T MIWOA #HiH 2 4> K HI 2 B Rossler R 4t 1Y 1]

e, M 3 AR HHR A 3 MRS 5
MIRIE RS, £ 11 A& B IKBIT 20 IR S 1145
o oM PR, SR REEET
K%, {0 MIWOA ¥ iz 2 fE L T PSO Al WOA 1Y fix
PRAE, 76 3 FhAE 8 25 8 I s, R B MIWOA
Xif Rosslerif i 2 55 2 B0 R 5 A 2401
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Table 10 Comparison of two-dimensional parameter estimation results for different algorithms
} SLHT (aFIb AN L2 (a A 3 (b HICAH
W oL@t 2 AR K3 (bRle )
a b J c J b c J

PSO  0.199975 0.199974 5.63x10°
B WOA 0200059 0200219 1.07x107
MIWOA 0.199986 0200016 1.19x10°

0200796 5.694613 6.15x10°
0.199152 5.702057 5.07x10°
0200231 5.699750 1.08x10°

0201253 5.701971 2.36x10°
0.199107 5.697626 7.13x10"
0.199966 5.699299 6.91x10°

PSO 0200000 0200052 1.41x10"
FHME WOA 0200000 0.199999 4.16x10°
MIWOA 0.199999 0.199970 5.22x10°

0200125 5.698197 8.91x10°
0200123 5.699675 1.48x10°
0200194 5.700061 2.84x10°

0.199224 5.699131 3.36x10°
0.199780 5.699424 1.29x10°
0200263 5.699959 8.13x10"

PSO 0200163 0200431 3.59x10"
B2 WOA 0199767 0200866 1.66%10°
MIWOA 0.199909 0.199745 1.15x10"

0.196435 5733973 1.24x10"
0202415 5.694114 4.12x10°
0200810 5.704961 4.65x10°

0.191669 5.666020 6.88x10°
0.198638 5.696374 1.66x10°
0201158 5.694933 1.34x10°

11 AEEZENZ4£SHEITERIELE
Table 11 Comparison of three-dimensional parameter es-
timation results for different algorithms

WiEG W« b ) ;

PSO  0.201349 0.199904 5.699698 1.06x10°
B WOA 0200603 0.198218 5.693475 1.02x10

MIWOA 0.200013 0.199482 5.697990 2.10x10°°

PSO  0.202546 0.211877 5.729951 1.57x10°
FHME WOA  0.200852 0.200992 5.701104 7.11x10 "

MIWOA 0.199494 0.199268 5.704161 5.08x10°

PSO 0214186 0.237701 5.877306 2.00x10°
RZEM WOA 0.187781 0.231605 5.785584 1.47x10°

MIWOA 0.197197 0.209352 5.735940 9.02x10°
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Fig. 8 Parameter identification curves of WOA and MIWOA
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x=a(ly—x) 20
y=—-xz+by (22)
z=Xxy—cz 0
H, RS ESH Ha=30,b=222,c=8.8/3 40 -
HT, /\/Lj‘j{tb{iﬁ’,j(/uw /\{E{’bk*ﬂfﬁﬂm 10 E?ZRO J/@ 0 40 220 ())g(ﬂ
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12 SEENZHSHMHTEREER
Table 12 Comparison of three-dimensional parameter estimation results for each algorithm
TR Bk a b c J
PSO 30.212604 22.248850 2.924835 1.0056x10°
RAE WOA 30.024252 22.265087 2.932120 2.3900%10°
MIWOA 29.999427 22.139015 2.935886 7.8900x10
PSO 29.971539 22.332746 2.925084 1.4468x10°
FEE WOA 29.641160 21.948505 2.929757 7.6355x10°
MIWOA 29.953377 22.179534 2.933054 1.6305x10"*
PSO 28.718457 22.784762 2.900586 2.1256x10°
RZEH WOA 25.867088 24.974265 2.903107 3.9871x10
MIWOA 29.643899 22.443769 2.926306 2300010
3 12 R TT AL B T MIWOA I fiit B 3k
T v
;"iﬁﬁ;‘; g"ﬁigﬂiﬁg@f?ﬁ’ MIWOABIIT 11y g, o, e RO RICHH (M), A5
Z5 ) H. , ULH MIWOA #fiH Rl i At 2021,
RIE ARG RATHIE T (2] Shofefh. NG RGE R B I LR [M]. AL
Rl AL, 2020.
% % )L% [3] DING Zhenghao, LU Zhongrong, LIU Jike. Parameters
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