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Satigtical sensitivity analysis of fuzzy reasoning
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Abstract :Robustness of input noiseis animportant issue when designing a fuzzy logic system. In this pa

per , a statisticsbased method is introduced to analyze the sengtivity of various popular fuzzy reasoning

methods. Using the new concept of €-statistical-equalities, the statistical sensitivity between two f uzzy sets

is analyzed based on their means and variances. Then the statistical sendtivities of various popular fuzzy

reasoning methods are derived, including syllogistic fuzzy reasoning and fuzzy reasoning with multiple

rules. Different from other research work , the variance analyss of fuzzy reasoning is particularly empha

szed to better reveal the senstivity of fuzzy reasoning from a statistical pergpective.
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1—§UB|UA(X)—UB(X)|56,6 [0,1], EMa(x) -Me(x)) =0,
A B - , A= Q)B. i.,e. EMa(X) :J'HA(X)dF’(X) =
Pappis ,Ying™ EMe(X) =IHB(X)dP(X). (1)
& 0 Ma(X) -Hs(X) 0,
i.e. 0MUa(x) =0*MUs(x). (2
' E(-) 0°(-)
[19- 36], . [26- 28] A (%)
2’ He(x) , 0> Ma(x) 0’ Me(x).
(MFs) 1 U P(x)
VA B U 2 MHa(x) Ms(x)
MFs, B A
0,
Vs (x) =Ma(x) +0a(X), O (x)
2 1)
EG@A(x) =0,
%) A B - , B=¢)A.
' EMA(X) = EMs(x), (3)
P Ma(x) C2Me(X)
max{ozms(x)) UZ(UA(X))J <1,
0<ege <1 (4
e , 0> s (x)) >
0’ W@a(x), (4) :
0’ (Ua(x) _020.(xX)
RS < 1+¢€ = 07 r () <€, (5)
€- 2
1) O<€1£2<1€1§2 ® :
& €, GE; =€1 +€, +E£2. (6)
& ’ Ying 2) : W= (wi,W2, ,Wa) d
[3] e
wi [0,1] i:ZWi:].; WM. R' SR
Ying Cai d (WM) ,
WMuw(a , &, ,a&) = »ZWiai. (7
, €- ’ '
€ €, O, >€1 1 GE, >E,.
mn(a,&e, ,a) <
1 WMy (& ,&, ,a) < max(a,a&, ,ad).
2 €- 1 AA U 2 ,U
U P(x) LA B P(x) ,B,B \Y 2
2 Ha(x) MHe(x) WV Q(y), A =E€1)AB =
A B €.)B, A B A B JA
A’ B’



, . 59 .
Ma e(x,y) = maxMa(x) Me(y)), 4 AN U 2 U
Ma s (x,y) = max@a (x) Me (y)). P(x) ,B,B v 2
v Q(y), A =E€1)A,B =
A B = (max€:£2))(A B). (8  €2)B, AB A B A B
, A" B
max@a(x) He(y)) = wida(x) + wie(y).
(9) Mas (x,y) =Ha(x)Hs(y),
twi + w2 =1, wi, w2 20. Hre (x,y) =Hx (X) He (y).
0?Mx & (X,y)) < A'B' =(€.:@2)) (AB). (13)

J 0704 (x)dP(x) dQ(y) +

UJ' 0°0:(x))dP(x) dQ(y) +

0°Ma s(x,y)) =
wioZ0a(x) + wo?@s(y)) +0°Ma s(x,y)).

0’ Ux = (x.y) <
oM s(x,y))

WO 0a(x) + Wwo?0=s(y))
0°Ma s(x,Yy)) '

0’ Ua e(X,y)) =W’ {a(X) +wl’ Us(y),
A =E)A,B =€) B, 0> 0 (%)) <
EO0°MA(X)) 0°0s(X) €0 Me(y)).

P Ma & (X, V)
0°Ua s(x,y))

WEO?Ua(xX) + WEO MUe(V)
WOZMa(x) + wo?We(y))

1+ max{e: £2}.

1+ (10

<1+

2 B=¢€)A, A A B B
Ha(x) =1-Ha(x) Me(x) =1- Ms(x),

B =€A (11)
3 AN U 2 U
P(x),B,B Vv 2
WV P(y), A =€) A B =
€:)B, AnNB A B AN
B A" B

Mare(x,y) = minMa(x) He(y)),
Mane (x,y) = minUa (x) Me (y)).
A NnB =(mn€.1g2)) (AnB). (12)
1

Ha(x)  Hs(x)

EMae (x,y)) = EMae (x,y)),
0% Mas (x,y)) =0° (Ua(x))0°Us(Y)).
0% Mae (x,y)) =0°{x (x))0° He (y).

02 MUar (X, V) zoz(uAv ()02 MUe (v)
0’ Mas (x,y)) O°Ma(x))0*Me(y))

(1+€1) (L4€2) =141+ +€ £, =141 @ .

I(A,B) u Vv
IF XisA, THEN YisB

1 Dienes Rescher
IF XisA, THEN YisB
I(A,B) =A B Mi(x,y) =max (1 -
Ma(x) Me(y)), A =€1)A,B =€2)B,
I(A",B') = (max{€:€2}) 1(A,B). (14)
2, A=¢€)A; 1,
AT B =(maxf€i1£2})A B, I(A ,B) = (max
€1€2}) 1(A,B),

2 L ukasewicz
IF XisA, THEN YisB
I(A,B) =AXB Mi(x,y) =max(0Ma(x) +

Ms(y) - 1),
A =€1)A B =€2)B
I(A",B') = (max{g1 £2}) I(A,B). (15)
EC(I(A,B)) =
E(1(A,B)),

QC(I(A B)) _0ZMx(x) +0°MUe (W) _
0*(1(A,B)) ~ O°(a(x) +0°We(y))
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0’0a(x) +0°Oe(y))

0?Ua(x) +0*WUe(y))

€0°Ma(x) +€E0°Ua(y))

a’Ma(x) +0*Ue(y))
1+ max{e: £2}.

1+

1+

3 Zadeh
IF XisA,THEN YisB
I(A,B) =A (AnB) Hi(x,y) =
max(1-Ha(x) ,mnMEa(x) He(y))).
A =€1)A,B =€2)B
(A" ,B') = (max{€: £2}) 1(A,B).
2 A= €10 A, 1

AT (A nB) =
(max{€:,max{€1 £2}})A (A nB) =
(max{€1 £2}) A (A n B).

4 1) Mamdani min
IF Xis A, THEN YisB
I(A,B) =ANnB,
A =€1)A,B =€2)B
(A" ,B') = (max{g1£2}) I(A,B). (16)
2) Mamdani Mamdani min
(16) :
I(A,B') = €1 @) I(A,B). (17)
34
5 Reichenbach
IF XisA,THEN YisB

I(A,B) = AB,
A =€.)A B =¢€2)B
I(A",B) = €1 ®€,) I1(A,B). (18)

Hi(x,y) =1-Ha(x) +Ha(xHe(y) ,

A =€1)A,B =€2)B, E(1(A,B)) =
E(1(A,B)).
0° Mias (x,y)) =07 (1-Ha(x) +
0’ Ua(x))0*Me(y) =

O?{a(x) +0°Ua(x))0°WUs(y)) =
O*Ma (X)) +0°Ux (x))0* M (X)) -
ao? Miw.e (X,Y).
QU ) (X W) 0% Ux (X)) . 1+0° Uz (V)
O {iam (x,y) O Ua(x) 1407 Us(y))
1+ (1+€2)0% Ua(y))
1+0°WUs(y))

(1+€4) -

(1+€1) (1+€2) =1+E1 42 +E £, =141 @ .

3.1

:IF XisA,THEN YisB,

: XisC,

: YisD.

X Y A C

,B D \% , D

Ho(y) = supt@c(x) Has(x,y)), Vy V.
t() t y —

6 min
Dines Rescher ,
Mo(y) = _:,uBmin(uc(x),

max(1 - Ha(x) He(y))). (19)
A =¢€.)A B =€)B C =¢€3)C
D' = (max{€1 €2 £3})D. (20)
- .sup ()
E(D') = E(D) ,

o’y (W) o’ Uy (W)
oy <1 MEEmEED) gy ) <
1+ max€sErfe).

6
7 3 6
1) min Liks

iewicz ;2)
min Zadeh :3)

min Mamdani

8 min
Mamdani

Ho(y) = supmin(c(x) Ha(x)He(y)),

A=¢€.)AB =€)B C =¢3)C
D = (maX{£3 £1 @2})D. (21)
34 4
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9 min L ukasiewicz
Reichenbach , min ,
Mo(y) = suBmin(lJc(x), . , A =€1)A,B =
1-Ha(x) Ha(¥) -Ha(y). €2)B,C =€s)C, E1f2£a &
A =€:)A B =€:)B C=¢sC . ©  max -
D = (max{€s £:1 @€2})D. (22) € €1£2£s ;
3 5 1
1
Tablel Satigtical sensitivity of generalized modus ponens under various conjunctions and implication operators
Dienes Rescher L ukasiewicz Mamdani min Mamdani Reichenbach
Zadeh
min max{€1 £2 £3} max{€1 £2 £3} max{€1 £2 £ 3} max{€ 1 £2 £3} max{€ 1 £2 £3} max{€s £1 @2}
€3+ (1+€3) x €3+ (1+€3) X
€3 Omax{€1£2} €3 Omax{E1 £2} €3 Omax{E1 £2} €3 Omax{E: £2} €. @) €@
L ukasiewicz
max{€1 £2 £3} max{€1 €2 £3} max{€1 €2 £3} max{€1 €2 £3} max{€ s £ 1 & 3} max{€s £1 @&}
3.2 U W

Mr(x,2) = ?Uet(lJl(A,B) (x,y) M, .c) (y,2),

. ) Vx U,z W. (24)
:IF XisA, THEN YisB,
. () t ,1(A,B) 1
:YIsD,
: XisC. (B, G) 2 : R [

Me(y) =suplio(y) Has(x,y). (23  (AB) 1(B:.G)

, 2
c D, A = ' 2 ’
€.)A,B =€2)B,C =€3)C, ’
max O
1 , _ . 2 min Dienes
Rescher ,
4 Me(x,2) = supmin(max(1 - Ha(x) Ha (),
max (1 - We, (y) Hc, (2))). (25)
! . . A =E€1)A B =€2)B Br=€2)B
1: IF XisA,THEN YisB, Ci=€2) G, R U W ,
2: ”:Y.iSBl,THEN .ZiSC1, 1
:IF XisA, THEN Zis C.
XY 7 A U I(A",B') = (max{€1£2}) I(A,B),
,B B1 \Y/ ,C Ci I(B1,Ci1) = (max{€z £a1}) 1(B1,C1).

w , 1 2, 3,



2
R = (max{max{f1 2} ,max{f€z £x}}) R = (max{€1 £2 €21 £a1}) R.
2
Table 2 Satistical sensitivity of syllogistic fuzzy reasoning under various conjunctionsand implication operators
Dienes Rescher L ukasiewicz Mamdani min Mamdani Reichenbach
Zadeh
) max{€1 €2, max{€1 €2, max{€1 €2, max{€1 €2, €1@,, €@,
min m m
€2 £a1} €2 £a} €2 £a1} €2 £31} €0 @a €0 @
max€1£2) © max€1£2) © max€i £2) O max€i £2) O €.@,) ® €.@,) ©
max € 21 € 31) max € 21 £ 31) max € 21 € 31) max € 21 € 31) €x@a) € @a)
L ukasiewicz max{€1 €2, max{€1 £2, max{€1 £2, max{€1 £2, max{€1 £2, max{€1 €2,
€2 £a1} €2 £a} €2 £a1} €2 £31} €21 £a1} €2 £a1}
5 JXn,Y) . Mr, (X, %2, xn,y)).  (28)
M
,R= nRi,
i=1
Hr(Xi, %2, ,Xn,y) = minMg (x1,x,
1:X1is G, X iS G, ,XniS Cn, Xo ) M (e, X, y)) . (29)
2: ) :
D IF X1iSAu, X iSAz, ,XniSAw THEN Ho(y) = sup the(x) deOe),
YisBwu, Mc, (Xn) Mr(X1, X2, ,Xn,Y)). (30)

M) IF Xi is Aw, Xz is Amz, , Xn iS Awmn
THEN YisBw,
:YisD
X1, X2, , Xn Y A G
uj(i=1,2, ,M,j=1,2, ,n ,
B:,B2, ,Bwm D \%
, 2
(21 . :
; R ith
Mr (xi,Xe, ,Xn,y) =Hiar.e) (X1,%, ,X,Y),
(26)
Har (xi,X%, %) =tla, (x1) Ha, (),
Ha, (Xn)) . (27)
t(-) t+ .1 (AR ,Bi) AR
Bi , R, R,
yRw, R.
M
R=_ R,
Mr(Xi, X2, ,Xa,y) = maxUer (Xx1,X,

, min Mamdani
(26) ,(28) (29)
(AR ,Bi) ,
,ot()
(AR ,Bi) Mamdani , (28)
Hr(xi,X2, ,Xn,y) =
maxMa, (x1) Ha, (xo)Ms, (y),
Hay, (x1)  Ha,, (xo)He, (y)). (31)
(29) ;
Hr(xi,X2, ,Xn,y) =
minMa, (x1)  Ha, (xa)He, (y),
Hay, (x1)  Ha,, (xo)He, (y)). (32)
Mo (y)
Mo(y) = xl,xszgp,xycl(x:l) He (x2),
Mc, (xn) Mr(X1,X2, ,Xn,Yy). (33

A =€) Ajj ,B'i:@i)Bi,Cj =¥))G,j=1,
2, ,n,i=1, M, 34

2
o =|(oy) om{ oe op.,



”Di(y) = xl.xszgp,xt(ucl()(l) ,H%(Xz), ,

Mo, (xo) M (1%, xe,y) (= 1,2, ,M).

‘R (26) : D
« ) :
D:TDi » Mo(y) =max@o, (y),
Mo, (y) , Mo, (¥). (35)
DZE\lDi , Ho(y) =min(o, (y),
Mo, (), Mo, (y). (36)
, 34

[KCJDS” J ©) 1sjsnsMJ @Bh}J D. (37

(37) (35)
(36)
6
—c , ,
,max min
s t ,
(
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