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Robust unsupervised feature selection via multistep
Markov probability and latent representation

GUO Lingli, CHEN Xiuhong

(School of Artificial Intelligence and Computer Science, Jiangnan University, Wuxi 214122, China)

Abstract: Unsupervised feature selection is a significant dimensionality reduction technique in machine learning and
data mining. However, current unsupervised feature selection methods primarily focus on learning the manifold struc-
ture of the data from the adjacency matrix, ignoring the association between non-adjacent data pairs. Second, these
methods often assume that the data instances are independent and identically distributed, but in reality, the data samples
originate from heterogeneous sources, and this assumption is often untenable. Additionally, the measure of feature im-
portance in the original data space is affected by noise in the data and features. To address the aforementioned problems,
this study proposes a robust unsupervised feature selection method based on multistep Markov probability and latent
representation (MMLRL). The key idea is to learn the manifold structure between the data points through the maximum
multistep Markov transition probability. Subsequently, a symmetric non-negative matrix factorization model was used to
learn the latent representation of the data. Finally, the feature selection is performed in the latent representation space. At

the same time, the proposed algorithm is evaluated on six different types of datasets to validate its effectiveness.
Keywords: feature selection; latent representation learning; multistep Markov transition probability; unsupervised; non-

negative matrix factorization; sparse regression; L, ;-norm; dimensionality reduction
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k¥, SHTMFE TTEM L, IR A TTEFE T
A Tv) B B 40 i A L T 4 A VB 7Y S 58 03 A
&, M REE4F
UL AR, T e R R S T A5 B s kR
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ive matrix factorization, SymNMF) 2% > JF G B0
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FR AU (sparse regression model) HHE AT 4R 1IE 1 £
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— PR AR T DUE B MR TG RE BRI . A
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Jry i Ee/IMEL, B4
(4BHH'H +2H)®@ H— (A48VH +2X" W)@ H =0 (18)
H.h®& Hadamard X .

(17



° 1021 -

TR, 2 2 TR AE 2228 B R A] SR AR A B 4 B R AR e

% 53]

IEBR @ e R™HZH > ORyhi s B H 3 ¥,
fuA% 9 H sRECH L(H, 6), Kuhn-Tucker 55144
OL(H,0)/ 0H =0 (19)
ORH =0 (20)
X2 (19) 555 W i1 56 F HoR F145
(4BHH"H +2H) - (48VH +2X"W")+0 =0  (21)
& (21) i A a5 i 1T Hadamard fliz
ERES
(4BHH"H +2H)® H + O ® H-
(4BVH +2X"W")o H =00 H
H =L (20) O ®H = 075
(4BHH"H +2H)® H - (48VH +2X"W")@ H = 0 (23)
222 B ZHZHW
M H EER, AT LR T WAk ]
min [|XTW - H ||+l W,, (24)
X T R (24) {32 ACINAL (iterative re-
weighted least-squares, IRLS ) iz /N — 7 vk 1'% sk
fit. Sl A FREFEAC € R, AL =1 (2w, )
BRG], 0, 0] A = 12w, +e).
W (24) Fe Ak Ry LR [R] R .
min [|X"W-H®" Cra-u(WIAOW) (25)
2 (25) iy B bR R A £ —T00H
|X"W - =)L = [(XTW—H<'+“)T (XTW—H“*”)] -

(22)

(W XX™W - 2W XH"" + H*VH""")
(26)
SRIE X (25) W H BR R BT A T T WK
FIHAHN 0 15
o Jxw-HL duwAow) _
oW ““ow
O t(WTXX™W) 9 tr(WT XH D)
2
dwW oW
A (WTAOW)
LU ATW)
oW
2XX'W - 2XH“Y +20A"W =0 >
W= (aA” + XX") XH""
DL bR fi AW i B 22 B B i R AT, )
Wi L E S, TEAR R DL R 2 e SRS A
W25, AAR 4 HAT ) 52 4 2- 90 35k i 2 Bods
Xob I AR AIF B E A, SR W SR AT 2k T
0, DU Xt 07 A8 7 I R T A B A SR AR AE o IR I f%
W R 47 1) H Y 230 Bt AT HE R, (MR R E 5k
PEAH N R AE B T B, RHRRAE G RS A )
FEA T R 2R 425
B352 MMLRL JH TR fila) B (13)
BN BRI X e R, Ty JR AT F 45 8w, 1F

(27)
=0=>

itk Z4a, B

Mgt WO el,,, YL FEHO e R, B4R
WHt=0

I HER BRI NS CHE S INC VNP R 2352 )
RRRMEHV;

While ANYEL do

1) TR FE A

2) AR e 2 2 =X (17) BB HO+ s

3) M A = (27) EHwe

fHr=t+1

End while

M R W = WD e R

3 S AT

AATH MMLRL 5957 7 A8 4L H ik
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Table 1 Specific information of data sets

Hlitk BEARL  FHIEEC O REART
ORL 400 1024 40 N
warpAR10P 130 2400 10 PN
COIL 20 1440 1024 20 Wik

USPS 9298 256 10 FHFE
Isolet 1560 617 26 W
Lung 203 3312 26 Y
CLL _SUB 111 11340 3 W)

32 XMHEHEERIWIEE

S R H S A R RS T (L),
£ W BFF B (MCFS)! | A R H 1 1F ) 4k
(JELSR)'™; [ # R HE AT 648 (RSR)™ | 445 440 F81 £
b (SOGFS)*™ | I SUAAHH X 4 1 366 7 11 3 FiF e
(URAFS)! W 7E % 5 3 IE W 4L (unsuper-
vised feature selection via latent representation learn-
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A Th R TT R A G W B R S 4 (MMFS)™,

R ARAE SE B 8 IE A, AR A kIR Bl S, Ot
P A% 5 R R A E BN SR IR S B, S8
WHE 107, 107%,107", 1,10, 10, 10° . & T
USPS $i 40 4 A R AE 16 £ 0 O {50, 80, 110, 140,
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Table 2 Clustering accuracies (ACC = std) and the numbers of selected features of different algorithms on six datasets %
Bk ORL COIL 20 USPS Isolet Lung CLL _SUB
LS 47.51+0.83 (250) 56.51£1.46 (150) 56.43+1.41 (250) 55.82+1.11 (300) 65.01+2.41 (300)  53.12+0.07 (50)
MCFS  52.19+1.12 (100) 58.81+1.22 (100) 58.91+1.57 (50)  59.31£0.74 (50)  69.86+2.12 (100) 53.15+0 (100)
JELSR  53.08+0.64 (100) 57.67+1.66 (250) 59.71+1.21 (150) 57.36+1.36 (300) 66.68+1.63 (200) 53.15+0 (300)
RSR 52.14+0.95 (100)  57.59+1.54 (300) 54.79+0.82 (300) 53.12+1.29 (300)  63.95+1.87 (300) 52.81+0.31 (300)
SOGFS  50.80+0.89 (150) 59.1840.74 (100) 55.60+0.89 (300) 59.09+1.37 (100) 67.60+£2.16 (50)  53.15+0 (50)
URAFS  48.67+0.95 (250) 48.99+1.22 (300) 54.12+0.64 (300) 44.56+0.65 (300)  65.14+2.65 (250)  49.19+1.58 (200)
LRLMR  50.55+1.07 (200) 55.25+0.73 (250) 58.63+0.93 (250) 51.25+0.92 (300) 67.26+2.38 (150) 48.81+0.73 (250)
MMFS  49.53+0.87 (300) 57.65+1.36 (300) 57.77+0.28 (300) 56.31£0.72 (100)  64.77+2.48 (300) 53.63+0.74 (100)
MMLRL  52.34+0.96 (250) 60.91+1.10 (200) 60.77+0.64 (250) 61.78+0.60 (300) 69.92+2.15 (150) 53.68+0.44 (50)
x3 ARAAEEANHEE LHF—UERFE (NMistd) K PTiEFFHIEH
Table 3 NMI values (NMI = std) and the number of selected features of different algorithms on six datasets %
YIS ORL COIL 20 USPS Isolet Lung CLL SUB
LS 71.42+0.49 (250) 71.90+0.63 (200) 55.57+0.42 (250) 73.10+0.31 (300)  63.01+0.82 (250)  19.05+0.62 (50)
MCFS  74.57£0.51 (100) 73.72+0.44 (250) 56.27+0.32 (100)  75.94+0.36 (200) 67.37+2.09 (50)  18.74+0 (100)
JELSR  74.73+£0.31 (100) 71.91+0.65 (250) 56.97+0.38 (200) 74.55+0.40 (300) 65.07+1.02 (200)  19.34+0.75 (200)
RSR 74.00+0.40 (100)  72.81+0.57 (300) 51.09+0.31 (300)  68.72+0.49 (300) 61.81+£1.54 (300) 18.46+1.42 (300)
SOGFS  74.16+£0.47 (150) 72.44+0.46 (200) 54.07+0.40 (300)  73.49+0.47 (100) 64.54+1.70 (50)  18.96+0.59 (100)
URAFS  71.89+0.49 (300) 66.68+0.85 (300) 52.07+1.01 (300)  63.82+0.28 (300)  63.24+1.72 (200) 15.41+4.84 (200)
LRLMR  73.38+0.68 (200) 71.87+0.36 (250) 55.48+0.17 (300)  69.67+0.49 (300) 64.77+1.87 (150)  9.71£1.41 (250)
MMFS  72.82+0.61 (300) 74.35+0.39 (300) 55.28+0.14 (300) 72.02+0.34 (100)  62.53+1.93 (300) 20.39+0.59 (300)
MMLRL  74.32+0.44 (250)  75.43+0.62 (300) 57.01+6.09 (300) 77.66+0.32 (300) 68.31+1.61 (150) 23.09+1.20 (50)




° 1023 -

T AR, 45 TR TE 22 40 IR AT SR M 4 Y 5 R T MBS AR AIE R %

53

i % 2 A1 3 A %0, MMLRL 4 T 7 ORL %
P4 UG RAL B ACC TSR B9 NMI 4k, 78 1
M 4 b B HUAS B 4 1) ACC F NMIL, 3 2 [
4 MMLRL 55353 33 225 T JR ] e G B A R R
3 EE S S AR S M R, 15 8] T8
P 5 HAEGE S Z MR, A AR T
TIE b ECE 45 44 5 [] B AE 405 19 V8 FE 8 45 [
HRSEEEREAE, 8D TR B AE R

HWR, 7 JE AR AR 2 B 5500 R 2 B Y 5%

0.53
0.52
0.51
» 0.50
E 0.49
§ 0.48
" 0.47
0.46 —LS Z—LRLMR
0.45 ——TURAFS ——MMFS
: RSR  —« MMLRL
0.44 A s ‘ ‘ B}
50 100 150 200 250 300
T R
(a) ORL ¥4
0.65
0.60
0.55
i 0.50
&
5045

R 0.40

0.35

——LS ——LRLMR

0.30 ——URAFS ——MMEFS
RSR —+—MMLRL
0.25L ‘ ‘ ‘ ‘ .
50 80 110 140 170 200
FHIE R
(c) USPS %#fak
0.70
0.681
0.66
0.64
£ 0.62
g
£ 0.60
22 0.58
0.56
0.54 < LS ——LRLMR
0.52 ——URAFS ——MMFS
' RSR  —+ MMLRL
0.50 ‘ ‘ ‘ ‘ ’
50 100 150 200 250 300
SFIEIE R
(e) Lung ¥ffadk
B 1

145 6 R R AEAS [ B4 45 L e B R RRAIE
Bt ACC R Bk, MEl 1 AT L, BEE R
e R A 3G I, MMLRL 53 55 1) 8 SRS B £ e 3
P T H A B, AT AT L i % 50l A R
TEA B FRAT L A A BB A i RS B . R
T COIL 20 %4 b, NEEFEZ DECH W
fiE, H: ACC AR T HAb X e, X i B ] L 32k
PRI/ IR BOR A5 31 B 4 1) RSSWOR , PTI98
DR R

07
R s R ——
3 3
ost—
i
5 04
= 0.3
——1S ——LRLMR
0.2 ——URAFS ——MMFS
RSR  —« MMLRL
0.1 ‘ ‘ ‘ ‘ .
50 100 150 200 250 300
FRIE RS
(b) COIL 20 %4tk
0.65
0.60
0.55
Mo.so
iﬂEOAS
¥ 0.40
0.35
0.30 ——LS ——LRLMR
0.25 ——URAFS ——MMFS
: RSR  —+MMLRL
0.20L s , s ‘ .
50 100 150 200 250 300
FEIEIEREEL
(d) Isolet HHE4E
0.54
0.53
0.52
i+
ﬁ 0.51 ——LS ——LRLMR
o ——URAFS ——MMFS
g 0-50 RSR  —+MMLRL
0.49
0.48
0.47 ‘ , , , .
50 100 150 200 250 300
FRIE S REEL

(f) CLL_SUB %#i%E

RREF FEFEREEH AR ERBE (ACC)

Fig. 1 ACC of all the algorithms for different numbers of selected features on the six datasets
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Table 4 Running time of different methods

AR ORL COIL 20 USPS Isolet Lung
MCFS 4.0403+0.2224 9.8950+0.123 1 4.2758+0.5543 8.5937+0.059 7 1.2706+0.059 1
JELSR 0.075 1+0.0017 1.3437+0.007 1 1.4832+0.0489 1.0359+0.0373 0.8310+0.0068
RSR 0.0815+0.0012 0.2041::0.001 7 0.1524+0.0039 0.1500+0.0157 1.1157+0.008 0
SOGFS 1.2373+0.0226 1.9632+0.0345 1.466 1+0.0259 1.1818+0.0114 46.9287+0.1577
URAFS 0.469 1+0.003 4 0.9525+0.008 5 1.050 1+0.0470 0.730 1+0.006 5 9.1499+1.3109
LRLMR 0.0874+0.003 7 0.3795+0.004 7 0.3574+0.0052 0.3099+0.0156 1.0482+0.0155
MMEFS 0.1404+0.0107 1.8099+0.023 5 4.2048+0.1717 2.1244+0.0239 1.2276+0.0193
MMLRL 0.1184+0.0107 1.51426+0.0132 3.5231+0.0823 1.8243+0.0536 0.8613+0.0122
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Table 5 Classification accuracies (ACA = std) and the numbers of selected features of different algorithms on six datasets

TS5 AEAEEANEBIEBE LHHDEBE (ACALstd) B AT E4FIEE

%

B ORL warpAR10P COIL 20 USPS Isolet Lung
LS 87.00+0.00 (300)  44.60+4.88 (150) 79.19+1.20 (300) 71.11+2.47 (300)  69.85+1.13 (300)  75.00+4.15 (300)
JELSR  88.00+0.00 (200)  36.00+5.57 (100) 79.53+1.16 (300)  71.14+2.18 (150)  71.75+0.78 (300) ~ 77.88+5.31 (250)
RSR 87.50+0.00 (250)  48.00+2.24 (50)  82.84+1.97 (300)  66.35£2.50 (300)  66.59+0.21 (300)  65.00£6.95 (300)
SOGFS  88.50+0.00 (100) 24.20+3.11 (50)  80.16+1.35 (300)  69.85+2.16 (300)  71.90+1.24 (100)  76.92+3.01 (150)
URAFS  87.40+1.24 (250) 32.60+4.77 (100) 71.32+1.74 (300)  67.09+2.04 (300)  58.66+2.01 (300)  77.88+5.23 (300)
LRLMR  88.10+0.82 (300) 39.20+4.76 (200)  80.32+1.10 (300)  69.99+2.60 (300)  65.79+1.14 (300)  78.65+2.64 (200)
MMFS  88.00+0.00 (300)  34.40+4.10 (300)  83.47+1.28 (300) 70.83+2.38 (300)  70.60+1.28 (300)  74.815.98 (300)
MMLRL  89.00£0.79 (250) 43.00+6.63 (200) 84.71+1.07 (150)  71.60+2.21 (200) 72.70+1.88 (300)  80.00+2.90 (200)
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Fig.2 ACA of all the algorithms for different numbers of features on the six datasets
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Table 6 Clustering accuracies of different methods to block occlusion with different sizes on COIL_20dataset %
o ERIPRA N
0x0 3x3 4x4 5%5 6%6 77
LS 57.74 53.42 54.52 51.51 52.25 50.60
MCFS 59.58 58.92 57.65 54.46 56.69 52.20
JELSR 58.32 59.19 56.19 53.19 51.74 46.83
RSR 58.05 56.81 50.61 44.74 34.81 28.05
SOGFS 59.74 56.81 56.99 52.28 50.50 48.77
URAFS 50.43 47.76 48.01 47.20 48.50 47.37
LRLMR 55.62 55.94 55.23 56.03 51.83 50.17
MMEFS 58.29 59.49 61.90 58.43 51.96 49.72
MMLRL 64.09 59.86 61.65 60.28 57.10 50.47
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Table 7 Clustering accuracies of different methods to different densities of salt and pepper noise on Isolet dataset %

- T L
0 10 20 30 40 50 60

LS 55.58 55.86 54.12 54.66 54.39 55.26 54.48
JELSR 57.79 57.58 57.08 57.65 57.72 58.01 58.35
RSR 52.67 53.22 54.03 52.65 52.44 53.00 52.53
SOGFS 58.19 57.06 50.40 52.58 49.43 50.17 49.94
URAFS 45.26 43.69 45.01 44.75 45.94 45.89 47.46
LRLMR 50.75 53.90 54.60 53.87 55.66 58.57 56.45
MMFS 56.45 52.67 52.50 51.96 52.25 55.12 53.56
MMLRL 60.47 60.22 59.94 59.96 58.11 58.05 56.76
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different algorithms
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