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a-cut sets of hesitant fuzzy sets and their applications

ZHENG Tingting, SANG Xiaoshuang, MA Binbin
(School of Mathematical Sciences, Anhui University, Hefei 230601, China)

Abstract: The typical cut set is a bridge between fuzzy sets and clarity sets. The hesitant fuzzy set (HFS) theory,
as an extension of the classical fuzzy set theory, has not been thoroughly studied till date; furthermore, there is less
discussion regarding the relation between the HFS and classical type-I fuzzy set theory or other fuzzy set theories.
This study analyzed the relations between the HFS and type-1 fuzzy set theory and between HFS and interval type-2
fuzzy set theory, proposed the concept of a-cut sets of HFS, and discussed their properties. Meanwhile, the
decomposition (representation) theorems and the more general extension principles of HFS based on a-cut sets
were deduced. The corresponding properties were studied. The results of the simulation prove the rationality of the
a-cut set concept and provide a novel method for hesitant fuzzy multiple atiribute decision-making and clustering
analysis. All these conclusions deeply enrich the fundamental theory of HFS.

Keywords: hesitant fuzzy set; type-1 fuzzy set; interval type-2 fuzzy set; a-cut set; decomposition theorem;

extension principle; multiple attribute decision-making; clustering analysis

B b B9 ROR) A FRSORY 22 (8 46 1 — Mg 19 9
J& LA LE (hesitant fuzzy set, HFS) i Torra
2009 AEEER SRR R EUE H[0,1] ERTR
AT RERYAS [E A 74 BT A8 . Torra 4741 T HFS
Hiz% e HFS EWMAEE . Hoh, e LA T,

R B HH.2017-04-20. FI4& kR B #3:2017-07-03.
E WA 28 A AR AT B3 H (1708085MF163 ).
BIE1EE B IEE E-mail ; tt-zheng@ 163.com.

Torra & T HFS (44 J& J5 0], I o Ji ) ik
SfbE XA E B A B RAREZ%E TS
T HFS A BB R R B e M R I
FEMEE S 25 AR BT Torra (4
S BRI S 4 R 2 ST . Zhu 2T I
DB E B RS 8 B2 1 7 A I R B
EMMES, Chen %51 HEH T —Ff s a8 B by IX I
P4 1K [0 {0 P BORM SR AR Qian 4510 Il FH — 26



53 1

I 45 PR FE Y o~ 4R B HO - 363 -

O A 0 ITAE S SR e B e T SO R A
Yu' "I T = AR TR O 4 LSRR B o —
Yo = MRWIEL . Rodriguez 55" 4 HFS ¥ R 215 =
WG IFEE R TR BONE S AREE NS, W
4 HFS R oy J B & 4 o) b T Tk
SRS PR VORI AR A,

SR, 5C T~ 28 BUPC BRS04 1 S A OB iR ik
WA SRS, Bl E MR R e LT ES
UL BSR4 B L4 Jre O 3K s vk ) 5 4 AR
T MG BRI AT A AR SO Se R HEFS
1Y o~ AR AL HE SCR | BURSTR 4 | 70 I 3
it 1 ST o3 i BRAN B — R T R UL, S i H
PERT . R, e S 0 50 I A 22 J Mt SR AR R
ST B

1 TR

AT i T BUASOR AR | DX (R T RUROR 4 MU 5
OISR SE AR SR &, AR IR T 2 BRI S
FriHe e s AR 2 A BRIe 8,

1.1 | BUIAERAEE (TIFS)

[ RURSR AR Bk N Zadeh HSOA 45 Bl 5 25 A
I

EX AP i X BT BRI (type-1
fuzzy set, TIFS) A,icHE A={(x,u,(x)) |xeX},
B HJE (RHIE) PRE w, TR T2

X —[0,1]
x (%)
KP () FRx BT AWRRE, X LUrfml
TR R EE B TIFS(X) .

EX 222 F AeTIFS(X) , M{F&E ae 0,
1], a~#EE A, Al a-5B 8L A, ENTHE X b
HRGHAER | 43 i A2

A, =1x e X[p,(x) = af
A, = {x e X|u,(x) > a!

AKX — A M BT LK TIFS 1 53 fiff o 28
" B DL SCER [ 21-24]

1.2 X8 [ BYARHASE (1T2FS)

DX Je) T 750 A48 4 % I 2R BH 4 1) 45 1], Zadeh
B eI R 2 AR S B e

EX 3P gl X BT RERI 4 (type-2
fuzzy set, T2FS) A,ic N

A={{x,(u,A(u)))|x e X,ue [0,1]}]
B

A:X—[0,1]

x A
ArpA, 0,17 Eryes, B
A.:[0,1]—1[0,1]
uwA (u)
AT x e X, X J,(x)={ulA (u)#0} C

[0,1], 8% J,(x) A x B ERBIE A (u) N x 7,
(x) FROUCGRIBEEY ) X F AT i I BRSOk 4 2H ik
MEEAIC N T2FS(X)

FAMERE v e X, A (u) {0 0 5 1 A FR 1T AR
KA D] T B BSR4 (interval type-2 fuzzy set,
IT2FS) .

XFFIT2FS, 4 HAL Y we J, () B A (u)=1 K
S M HAC  we J,(x) WA (u)=0 G, XUiH,
B TC R W F R B, HR & ki nT
WasE, s, A, AT ARk 3 O 48 9 R F pR AR,
e TT2FS 7 U A E L 4,

EX 4 W[0,1] ERETA 7 X A 2
DO, 1] K [a] I AUAEAI4E A TPl X L pR AR
A

A={{x,J;(x))|x e X}, (1)
K,

J;:X—D[0,1] x>J;(x)
A T3 () ATRESR BB { uy, (x) [i=1,2, 0, | BK
BHRESE T, (%), Jie(x) o X ERATA XA T
RUBIREE (1) 2R B SE /10 TT2FS(X)

EN5 % A,BelT2FS(X), 8 SLIX ja) 1T A
WIEMIZH T .

DA e X, Ji(x)= {ug(x) [i=1,2, m |,
Ja(x)=tug(x) [j=1,2,,n} U

@Jje(x)= {1mug(x) [i=1,2,,m | ;

@ Jiop (x) = fmax {uy (x), uy (x)]
1i=1,2,-+,m,, j=1,2,--.n.};

@Jins(x)= {minfug(x) ug(x) | [i=1,2,,
m,j=1,2,,nt,

D)W v e X, Ji(x)=[J5,(x), Jip(x) ],
Jp(x)= [Jg.(x) Jge(x) ], 00

DJe(x)=[1=J3,(x) ,1=J5,(x) ];

@Ji05(x) = [max { J5,(x), J5, (x) |, max | Jz;
() Jpe(2) | 15

@Jinz(x) = [min{J5, (x),J5 (x) ], min | J5,
(), Jpe(2) 1o



- 364 -

i)

e & & ¥ M

o512 %

1.3 IRTRHEMEE (HFS)

Torra 1 Narukawa 7F Lt 50R 52 FIASH 22 (4R
(R BERE T YA AR TR B AR R AE T e T R
TR DR T RS O TE B O, B N AL K]
RESSEAFATCRE X —H T RE S8

EX 60 ik X LIEERILE Eidh

E={(x,hy(x))|x e X}, (2)
X
hy:X— P([0,1])
x h,(x)
K hy () CLO,1]FRTTH « JB THEE E AT 6E
SIREE, PR« RIMBEHIRIERE, X ErRrA L
BB ) AR A B iC 0 HFS(X) .

TCRRYBRFIBETRE [0, 1] Al BaiA
AECFAE . A by AU X ERTERMGR[0,1] |
A BIR B AR BE  IX AR L R ASOR 4R B Sy 28 L B A
BSED S AR SO Ud B, BT 5 08 1 A TR AR R 4R
(HFS) ¥ A 2 S O 42

EX 7% & EeHFS(X) b FR.

hy(x) =min{r(r e hy(x)}
hy;(x)=max{r|r € hy(x)}

ENX 8 WEE L E, e HFS(X) , & LI
BRI IZH AT

Dhge(x)={1-rlreh(x)};

2) hy ()= {r ehy (x) Uy, (x) [r=maxihy (x),
hy,(2) |} JE N T {max {ry, | |1y ehy (x),r, €
(%) 15

3) i, (2)= {1 €hy () Uhy, (%) Ir<min{h; (x),
hy (x) b, BUE SN T {min {r,ry | [rehy (x),
ry€hg(x) o

2 RBEMEN B E

2.1 MEEMESEHXE ZREMENXR

Z MR AT b, (x) 2[0,1] ER—4HA
FRESHUE , X LE B i H 02 « 75 E ERYATRESR s B
B, TR SR m B, () Al (2) , A
BRI A HUB LT IT2FS BAE & 5 2 8 HFS B4
e, BARYE 2 S5 e L8 n A, B AL
IT2FS H#b I RSS2 55 BIAH S T HES (1#h I A0
Ao HETTRAGFR i — DU — 255

Bl1 & E ,E, e HFS(X) , W HE A xe X, %
hy (x)=10.2,0.4,0.6] ,h, (x)={0.4,0.8,1} M
hy (x)=0.2,h, (%)= 0.4,hzl(x) = 0.6,h22(x)= 1,

hy, (%) Uhy ()= 10.2,0.4,0.6,0.8,1}
I E L8, L by, (x)=10.4,0.6,0.8, 11},
by op,(0)=10.2,0.4,0.6} ,hye(x)=10.4,0.6,0.8}
#4 J; (x)=10.2,0.4,0.61,J; (x)=10.4,

0.8, 1}, 0UA, FIA, "[FLA X L AYBEAS X 8] 1 KA
RISE
e X 5 a4,

Ji,01,(%)=10.4,0.6,0.8,1} =h, ,, (%)
Ji,01,(2)=10.2,0.4,0.6} =h, -, (%)
J3¢=10.4,0.6,0.8] =h,c(x)

22 MBEMENEE

i b8 Al %0, B HE IT2FS 5 HFS A KBk
i Zadeh'>’ \Lium] \Mendelm] F1 Hamrawi 2 5
PHEIT R T - - T F T2FS 1102 30 5 3 ( 52 Fr |2
IYfRERL) , BSHLIT2FS J& T2FS MERRIE X, Bl
4 ERVHE MR E L, = g senk < e
WAR ARG B BRI, )T = AR 5 F0 LB
ORI 43 0V Sk T AR 4 R DX [i) L B AR 4 1)
HEER & X, ﬂ:*ﬁ,Shangm] BT n 4EfER 4
ML, JF 48 n 4ERCHI AR I IREE 2 — D HAA n+l
MAR B, Z X EM S G &, A4
HFS () a-# 8 5E LR TIFS,

EX9 WHEeHFS(X)Hae[0,1],EXE
o= EHSE,IC N E,, HR E, = 1{ (x,p, (x))
|xeX!| eTIFS(X) ,Hrh

min{r € h,(x) |r = a}
uﬁu<x>—| reholr=al # @ (3)
0, {reh(x)|r=al =0
FHX () {reh,(x) [r=al BN {r e
he(x) |r > af , HHERHASAA WA E S E F a-
AR B, = | (g (0) |2 e X1
[ AT E L E B o= PR E = | (x ppa (%))
|xeX} , Hrp
max|{r € hE(x)‘r$af
Mgu(x)—| {reh(x)|[r<al #OT (4)
0, {reh(n)r<al =0
() P reh(x) [r<al HEHN {r e
hy(x) |1 < af, HHRESAA WATEE] EH a-
5N EE B = (2 (%)) (v e Xt
Bl2 B EeHFS(X), K X={x ,x,|,E=
[{x,,10.2,0.4,0.6}),{(x,,10.3,0.7} )}, HEX
9 £



5531 KRt 25 AT ) a— R S H N - 365 -
0.2, 0<a<02 a, 0<a<02
04, 02 <a<04 [(x,,02) 1}, 0.2<a<03
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@Y max {hj(x) ,hp(x)} =a >max{h,(x) h(x) |
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@4 min{hy(x) ,hp(x) | =a B, AT ZERIER
Bipom, (0)=max{p, (2) e (2) F=pp o (2) 6
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t (E)A\ae[Ol)%

[0 1]

MR EFE 1 FUERE 2 B AT DL X 9
T1FS B4 2 B H A5 3,
B3 FEF] 2 AT T, 0<a<0.2 i, A
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Y'_)h/(n)(y)
WS (y)= lve X [f(x)=yi,
Vo fr(x) [r(x) e hy(2)i,

By () = {7 |
0, fN=CY

H %S — M HFS(Y) 3 HFS (X) 3L 5 A
305 PR, 6
hy-iiey : X — P([0,1])
xhy () = {r e hy(y) |y =f(x) e Y},

B4 % EecHFS(X),FeHFS(Y),Hd x=
{-1,1,2},Y=10,1,4} ,E={(-1,10.2,0.3,0.8} ),
(1,10.4,0.6}),(2,10.1,0.21)},F=1(0,10.2,
0.6}),(1,10.3,0.41),(4,10.7{)},% f: XY,
xf(x)=a U HE 11 f(E)= 10,10} ), (1,
10.4,0.6,0.81),{(4,10.1,0.21 )}, [ (F)={{(-1,
10.3,0.4}),(1,10.3,0.4}),(2,10.7} ) ¥ A%
BRI 5

MR 3 % f:X>Y,E,GeHFS(X),T, HeHFS
(), MYae[0,1],H

Df(E) SAE), f(E),SfE);

2) fTHUF) =T (F) T F) = (FY) s

3)f(EVG), Sf (E) Uf(6),,

STFOH) 2 (F) N (H)
4)f(E)CIED, fTHFO=f"(F),

EBR D VyeY, &' (y)=T,Mh, (y)=
0, MiliVae[0,1], 8 w, (y)=pp, (y)= 0,
#if " (y) # D, M5 U RS TE e

@Y {rehy,, (y) [r=al =D u, (y)=0,
WALEVL, Vaef ' (y) 4 r(x) e hy(x) , W r(x)<
o, Bl (x)=0, Hp, (y)= Xef\/lmuEa(x) =0=
Myiey (¥) o

@Y {reh (y) [r=al # W u,, (y)=min
[r'ehyy (v) [r'=at =min )%r(x) [r(x) €hy(x) A

xef H(y

[(n#2

r(v)=at, Hpp (1= V dw, (o)} =V min{r(x)
ef 1) ref ()

[r(x) €hy(x) Ar(x) =al,

PR 1 92598 3) 1 (1) <ty (1) =
JE)CfE)

DX FVaeX, L FammiE e

DY 1y (2)=08F, f7(F) =D . UV r
€ by (2) , r<ot, ZHER reh,(y) JKH y=f(x)
R e, (y) = 0=p1 5,y (2) = 00 B ptpagy, (2) =
-0y (%) o

OE /‘Lf’](F)a(x) #0 Hﬂ‘,,u/*l(ma(x) =min{re

hyaipy (2) [r=al =min{reh,(y) [y=f(x) ,r=al =
e () X By =f(x) , oo, (2) =y (y) o R
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Table 1 Evaluation results of investment

X El EZ E3 E4
[0.5,0.4, {0.9,0.8, {0.5,0.4,
X, 10.9,0.6,0.5,0.3
0.3} 0.7,0.1! 0.2}
{0.9,0.7,0.6, 1{0.8,0.6,
X,  10.5,0.3} 10.7,0.5,0.4}
0.5,0.2)  0.5,0.1}
10.7,0.5,
x, 10.7,0.6/ 10.9,0.6! 10.6,0.4}
0.3}
[0.8,0.7, {0.7,0.4,
X, {0.8,0.1} 10.9,0.8,0.6]
0.4,0.3! 0.2}
{0.9,0.7, {0.8,0.7, 10.9,0.8,  {0.9,0.7,
06,03,01)  0.6,0.4} 0.7} 0.6,0.3
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Table 2 The possible value p,

o %, %, X, %, Xs
0.5 2.5 1 1 4 4
0.6 1.5 1.5 1.5 4 4
0.7 2.5 2.5 0.5 3.5 4.5
0.8 2.5 1.5 0.5 3.5 4.5
0.9 3 1.5 0.5 3 4.5
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Table 3 Evaluation results of business performance
X A, A, A, A, A
%, 10.4,0.6} {0.6,0.8 {0.2,0.3} {0.3,0.4} {0.6,07,09}
%, 10.3,04,05({0.4,0.5} {0. 10.51 10.2,0.3}
x; 10.5,0.7) {0.9{ 10.3,0.4} {0.3} {0.8,0.91
%, 104,05,06({0.2,0.3} {0.9,1} {0.5} 103,04,0.5¢
x5 10.9,1}  {0.7,0.8f {0.4,0.5! {0.5,0.6{ {0.7}
% 10.8,1}  {0.8,1} {0.4,0.6{ {0.8} 10.7,0.8}
%; 103,04,05}{0.8,0.9} {0.7,0.9} {0.1,0.2} {0.9,1}
x5 0.6} 10.7,0.9} 10.8} 10.3,0.4} {0.4,0.7}
%y 0.9} 10.6,0.7f 10.5,0.8} {1} 10.7,0.8,0.9¢
%y 10.4,0.61 {1} {0.6,0.7} {0.2,0.3} {0.9,1}
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Table 4 Clustering results
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