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Nonnegative low-rank matrix factorization
with adaptive graph neighbors

YU Qinru, LU Guifu, LI Hua
(School of Computer and Information, Anhui Polytechnic University, Wuhu 241009, China)

Abstract: The exsting graph regularization nonnegative matrix factorization (GNMF) method still has some shortcom-
ings: The GNMF algorithm does not consider the low-rank structure of data. In the GNMF algorithm, the Laplacian
graph uses the K-nearest neighbor (KNN) method, and the KNN method cannot always obtain the optimal diagram,
which makes the performance of the GNMF algorithm not optimal. For this reason, we propose an algorithm called non-
negative low-rank matrix factorization with adaptive graph neighbors (NLMFAN). On the one hand, by introducing low-
rank constraints, NLMFAN can obtain the effective low-rank structure of the original dataset. On the other hand, a meth-
od for adaptively solving the similarity matrix is designed to construct the graph. This implies that the structure of the
graph and the results of the matrix decomposition are integrated into an integrated framework so that the similarity of the
nodes in the graph is automatically learned from the data. In addition, an effective algorithm for solving NLMFAN is
given, and experiments on a variety of datasets verify the effectiveness of the algorithm.

Keywords: cluster; feature extraction; dimensionality reduction; manifold learning; nonnegative matrix factorization;
low-rank constrain; graph regularization; adaptive clustering
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ZARAERE [, 18T A0 2 FLURT LAAR G b iz 81T
Ji G R o, R B 22 1 R B 3 B R N LU 3 i
QR it . < it i AL A7 5 E 43 fi# (singular value
decomposition, SVD) . F 1 % 4 /3 f#% ( non-negative
matrix factorization, NMF ) %5 i b 9k 2 11 ™ 7
BB RN SCRY R AT %5, NMF 2 9iE L T
SVD % H A Moy fie b AR NMF 19 H (12 4%
B G~ 1R B, AT A% 2 FRURT DAAR S b 3T {1 )5
R . BT NMF 5558 BN A 170 fin ik is 55
R 2F ik 8 =1 0 24 SRQ A5 2 = B ) B A3 4 o
BT R B R, H 5 R R 45 3 0 1 e A i
o N THER NMF myERe, 22 A 04 T2 NMF
(RS S, Bn L, , BCIE 5700 B A A ™ 454
ANHA T A AR 4 43 ™ 45

AR, AL 4R TR T RIE ¥ T 1
B, BN SR Rk M i AT B A R
S, X LT GT R, R A A A T A A TR 4
Fasl, WESR N & B, 7E NMF 535 gl A
W27 2 I ESAR B L 45, A B T4& 7 NMF
(rERE" ., Cai 2 8 NMF B9 JEaE B 45 AP
) FORYR T R 4R [ 43 i 5301 ( graph non-
negative matrix factorization, GNMF ), Zhou S5 7E
GNMEF ({35l |} NMF #5hn 7 #4001 29 5, s
— 4R T R A7 2] 1R I fk NMF (local learning
regularized NMF, LLNMF )", Li 07 $2 11 K] 1E
4L AE 7 5E % 43 % ( graph nonnegative low-rank
matrix factorization, GNLMF ), % J7 = fifi #5 & 1E )
PR AT LASRAS G AR B B 4544 . Du 25
Fi H PR A E DU Ak 455 Al 1R [ 53 i 5 v (graph
embedding regularized projection nonnegative matrix
factorization for face image feature extraction, GEPN-
MF ), i 5| A Bl A IE WA I, 5 > /) F 25 (8]
Al DLOR BB 04 SR B LRI 45 4, [e] i 42 T 1 SRk
VBN S Yin AFN B — R SR 1 0 kA Ak
27~ S H R 38045 (Laplacian regularized low-rank
representation and its applications, LLRR ), {Z5 1
i BB 09 1 WAL, B BE 3R s B0 1Y 4 JR AR 4
S5H, SCREA AR B [ A A AR etk LA E B .
Wang 5200 $ Hy — Fift [ 4k Jeg 350 24 o PR B0 1B 5 ik
(locality constrained graph optimization for dimen-
sionality reduction, LC-GODR ), % & -0 K 4k
M= IS5 8 T —MER T, | TEA
B T 35 AR AN AR 1, (175 A B 2 2o AR o
(4 P 0] LA 35 R BT BT . Meng 260 B B
i 1 I 52 249 SR B4 %o {10 T D Ak 3 970 I 0 A

( dual-graph regularized non-negative matrix factoriz-

ation with sparse and orthogonal constraints, SODN-
MF ), 177 75 e [R] if 2% S8 S0 25 8] FVRFAIE 25 [] Y
ML 4R . %% Nie %% f9 )3 %, Huang % 2
HE T SR I 3 45 ) 1 T DU A A £ R I e R
(regularized nonnegative matrix factorization with ad-
aptive local structure learning, NMFAN) ., NM-
FAN B350 1T 3 2 21 19 J7 1258 1) 0HE J=)
FR LA R AR B, {22, NMFAN 5353 50 #l
FHEE A R RR S5 F 15 B

DAL 3ok 6580 v e ok 4 a2 7 38 PR ) £
5 10 JRy B R A A B, HC R A 1 ) A R
WA R RE . BTN B AE A ] K T 4B
(K nearest neighbor, KNN) M & &, SR, —
T, KNN 77 32 449 38 04 AT T BE 23 BBEOR ¥ 70 i 2
I8 B J) 70 34 1 5 g — O T, HC P A R R
IF RIS R TCOC, DTS A5 AH DG 3500k i P REAS AE
BB BeAh, X SRR A B R 1Y
R RRZE AL, T34 1) AT A8 A A s et e AR Bk
ik . S, AR SCHR T — & R E A
A9 AE 7 %6 B 9 % 58072 (nonnegative low-rank matrix
factorization with adaptive graph neighbors, NLMFAN) ,
—J7 1, NLMFAN i i 5 | AR AR 29 FOR 3RS IR 46
Ko 4 TR A RUE B, LA BRI IR Rk
fig; 73— J7 T, NLMFAN 4§ [ 1) 74 & 1 [ 53 it
AU R B — AR BOREZE T, A 3 B v 27
> A5 B B Y SR AL, DAL TR . 3
s E 45 T —FhoK % NLMFAN (943 30E%, I
TEZ PR AR b EAT 1 S200 S0 A SCR 4 i Y 53
AR

1 #x T

1.1 dESi%ERESr % ( NMF )

NMF & —F 732 8 0 0 1 e ff Sk . B
T2 DR — A~ I 076 5 A i Ry T 1 B 3 R B, HG3fe
BUEH B SR RUE . 488 — A5 26 B
X =[x x, - x,] € RV R—FIHEDEREA K &, NMF
1) H 2 8 2P A HE R U = (1] € RS A
V =[v;] € RV, 45 B AT Y 3f FR T LA AR 4 1l 3 f)
TR A R X:

X~UV" (1)

R bR NMF 19 H b A2 48 % 9 A JE 706 B
UV UL Biw
{ min[x-ov ] @)

st. U>0,V=0

Hodr |||y FRHER F IS, WA HAA 7 LR
BRI R e
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1.2 BIEMIEGERESSE ( GNMF)

AT HEFE NMF 559 i O B3 JF N 76 45 40 1) [+
B R B 1) R BB LA 25 480, 3l JLAR K i 24 2]
5 NMF M5 & B EVF SRS . Cai 1
A 1k K Pl I DU A T A B AR E NMF B3 fE 4L
P T B IE W AR EE 705 B 2 i (GNMF), H H bR
PR

1
min | X = UVI + - (VL,VT)
st. UV=0
A (VL V) 2 IE 305 L, 2 B 735 hir i
M, <0 R IENA LS E, SCHk [13] AT
GNMF B3 114 5 60 0
XVT)
(uvv)
(U'X +AVS,),
Vii Vi oy L v
(UUV +2VD),
;H\:EF" Dap %X‘j‘ﬁ%ﬁ@, Lap = Dap_Sap o

2 BRI AR AR AR R R A

5T 2 B, T4 G H50H 8 i AT = 4
Wiz i) o i AE R MR 4R B L, HHAA 5UE B
T BRORTE AR B A R T . S A, e IR IE AR AR oG
AL T A B ] — R TS SR, LR R A
15 R HAL IR A A T AR SE . L, X s
AR E A —E BRI . M, FEA/N
BRI BT VA SIS R B | R iy 2 5
7 NLMFAN, %8 g [a] iof 36 i T J5 48 P 1% B0 114
RARFREE R RN 1 35 N R 1
2.1 NLMFAN & k&5

B AN RS B s R X, B AR
NLMFAN 83k R i e a0 F

min||X—L—E||i+a[Z(Hx,-—x,-llisfjﬂs?’j)]Jf

J=1

“)
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)

A-tr(V'LsV) (6)
st.L=UV",L,U,V > 0,rank (L) < r,card (E) < e,

sT1=1,0<s;

H b1 eREL Y 55 1 1k 7E rank(L) < r,cord(E) < e
A 09 24 BT 8 2 R 0 AR A XOR HAREE X
L, FEXFA5 () 25 550 NMF o3 ff o 5 Hp i |
X MR s 5, LACRIERE ISP 7, E 1R
HWH sy, UV LTSRS, R
LB, e i E U & ) Ff 5 Y5 i, rank (L) 38
NHFE L Rk, card(E) £ E WAEE 4 H

52 8 38 AR U B A 3, o 2 Dk TE D 4K
SR, AL FRATT 42 TR A TR Y RROUL B A IR
AL T A Sl B, IR S N T A A A T
FTREME B G . BB A X AT B A
HA BT A BUE S xx, - x ) DAE IR SRS
x,-ﬁ%, ﬁ?ﬁﬂ"]*%%j‘g%o Si ERHXI%‘%ZT_\‘TQ%, /ﬁ\:%
JNITCER R syo FEBCIEA b, nT LAAS 2R 0L B2 AR B
a2 5K A R R

min ZHxi—x,»”zs,-j @)

le:l,(Kx,sl

AR B JE I oA 1) Tl A A ] Ak 1 AT
AE, BRIV AT AL T IR TG B B R ik R 2 A ol Y AL
H B 1 R 1, H A Y R A R AR
0o tbmk, xtF2(7) B fy i a4 x, BREEZ S0
F1% A7 ) i 0 5 1) A5 BT R ) A 322 3 AR 5 D

%O Bk, 5 (7) TS 1

n

] 2
min e 8
sT1=1,0<s,<1 Z 1 ( )

254530 (7)F(8) Al A H b s 80P Y26 2 10T,
RIFEH 3E  E  55E

n

min Z(“x;—x_,-”z s,-,-+ysl-2j) )

sT1=1,0<s;<1 &
Jj=1

Hovpry ZIEWME S B, @R 0 (9) Jeas B e
WS € R, AT B0 AR DL RE S ) S JRAT] B
A AT LU R 7R O — A ) fv i, A

l n n n
2
§ — § T § T _
5 | V,'—vj'Hz = V,-S,-jv[. - v,-S,-jv,. =
i,j=1

ij=1 ij=1

Zn: vi(D,), v} - Zn: Vvisv) = (19)

i,j=1 i,j=1

tr(VIDsV)—te(VIW, V) = tr (VTLs V)
ﬁ ':F' : LsIEll: SE@*E%TQ%%E%,LS:DS_Ws;
D5 e R*" IEEZ(sij+Sji)/2 ngd‘ﬁ]%o

H bR RE B 55 3 TR Jmy 8 1A 5 v i 24 5 oy
B, R H Ok i i K AR Ak 2R R A0S R,
tr(-) RN HE B A Bk o
2.2 NLMFAN B &% K i

Wit T — A SR BT RO SR i NLMFAN,
T2 R o [ A AR A — A O E
Fefifk Bon, i i sk,
221 BEU. VEHS

MEE (6), AMERIAEE EZR U, VITE
BN ECHT S i/ ME, FC6) TS Tt (11):
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(11)

L]
s.t. sTl—l 0<s;<1

{ ngini: (Ibei = x 135, +ys3) + 8-t (V' Ls V)

Hrpp==. hix(6e)4iaX(11)1:

N I
@gmmﬁm%wﬁﬁﬂwwmﬂ(m
st.sT1=1,0<s,<1

ASCAT AT RS i o =0 (12), ekt (12)
Al A T

X 1
[ngmz(uxf—xfn}§ﬂ||v,»—vjuzsu+yss) )

i,j=1
st.sT1=1,0<s,<1

1 2
L dy=lxi—xlf . dy=lvi-v|, . HdeR™
55 A TCE Ny = d5+BdY , B HARAS (13) 7T 74
2
min ||s;+ —d; (14)
sT1=1,0<s;<1 2')/ 2

WM =0 Ak W H IR T, Al LU
(11) BFLAS  H pREL:

1
R(si’rl’gi) = 5

A KKT
S

2

1
si+ —d|| —n(sT1-1)-¢Ts;  (15)
2y 'l ( )

S, W sy > 0, B HRAR AT LA E

5= (i) (16)
SO (et N K R R A
o PV kBB R, WAL (16) 1 Rls, > OFL
Sik+1 _Oo [—“ﬂfn ﬁ.

1
—z—di+7]>0

U (17)
—Z—%df,m +17<0

i (17) FisT = IR, A .

k

(I
Z(_Z_%di-’+n)_1:>n_k T Zd (18)

Jj=1

g (17)M(18), AI IS5

lk
_df‘——zdx < fk”_EZ‘dﬁ (19)
J=

iﬁTTﬁ%Eﬂﬁ kA AEFME B AL s, 7T LK
7 BE N
de (20)

R T, AT LR %%Mi Y BB NYL Y2 Y
A FIAE, B

y:iﬁi(cﬁﬂ }Qw) @1

i=1

i By, BF S E, BT A s, iR AER TR

Yi= dk+l

N ko A HIZL R EMASEL y, TR ER
FARE ko R kS — D HEOF H A Z A BRI
(RlO<k<n), FILBBHERESEMES) o
222 BES. VEHU

ML (6), AXME A ITE B E 2w S, VI
LT HE U iy se/Mb, 20 C6) rT S8 Tl T =X

min|[X — L~ E|;
s.t.L = UVT,L,U, V > 0,rank(L) < r,card(E) < e

(22)
TEPLSER A L s, SR Af = (22) AT e 46 Ry 5ok
fifp 0 (23 ) PR AR U Ay 2
min|| X - L- E|[;
LE (23)

s.t.L > 0,rank(L) < r,card(E) < e
3K (23) AT R PG4 1) ROR g o o 4 [
L& ER}, A
{lq=mgmmm¢mnX—L—EHué
E, = argmin gy || X — L, — E||;
W= (24) X F L 8% E #8208, e aT 2L
/I\’}':iﬁﬁﬁ% A, HEIS, Ead ik
ﬁ X-E, , ¥3 S L, 78 X—L, FaEA7 A0 A
YEAS 3 E,, A5 2P > (]  fi
R, 7ERUGE U SR X=E,, /19 SVD #RARFE
Af o AR SCR H SCHR [24] A 82 5 80 il HL 3% 5%
( bilateral random projection , BRP) ﬂéﬁ’%ﬂ%iﬁ (24),

24

X245 EFEREX e R, H 7> BRPs U1 F:
Y, = XA, (25)
_X"A, (26)

:T‘K:EF‘: Al eRn><r,142 c R™"
18 1T

JEFEHUA RS, B4 X B r

L=(L)7 =0, [Rl (Agy.)"Rg]“” o @)

B AT TS Y Lo FEUCEEAE 1, X0 (28)
R A

[l

st. U>0

Al LA R0 (28) =0 1) i Ay AR NMF

o L, PR U, BATA ) hog e
A I 1) 22 A 3 KL

I/ll'j<—l/l

(28)

(XV);
U(UVTV)”
223 BES. UZRFHV

MR (6), AHER B F EA R S, U
LN ER VR /ME, 2 (6) AT AR Tg U T 2
min||X - L- E| +A-tr (V'L V)
LE (30)
st.L=UV,L,U,V >0,rank(L) < r,card(E) < e
Z% 222 h S —iiE L, HIL, fk

(29
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min[[L-UV[[{+ -t (V'L V)

) stV=0
N TRV >0, € e R™ KR I A B

H e, 0RO ks B3 H sRECE XN
RV)=|L-UV'|[ +2- w(VILsV)-tr(£VT)  (32)

R0 o, .

£=-2L"U+2VU"U+2ALsV (33)

*EJE KKT %{5{:[23] ﬁ{i/@&jvu =0, ﬁ:

(—2LTU +2VU"U +2AL; V)i]_v,., =0 (34)

€2))

il
(-L'U+VU"U+AD5V - AW V)l_jv,, =0 (35)
WX (35) 2 TN F kAR
(L'U+ AW, V),
(vU'U + Dy V),
Z I, AT LAZ H NLMFAN B3 2R i A0 B8

(36)

V,‘j(_v

BoE 1 HE N EE WA A9 I Rk A 67 0 B 4y
fift S

BN BRI X eRMPIIRE, 7T c,
BH ks AN B

Wi RV eR™,

1) X X #5417 BRP 48:4F, sK il ¥, Fl ¥y

2) XF ¥, 1 Y, #E47 QR 43 fif, T FE X 1Y
AR ZER Ly

3) X (7) AR AR BT LR AL S

4) TR

XV);; (LTU + AW V), .
Uy — 2 v,
! (UvTv)l_j '(VU'U + D V)l_j

XFFAEA @, Ea R (15) BOH S I8 i 17,
Hrhd; e R™, 55 jANTTER N d,; = ”xi _xjnz +ﬁ”vt _iji;
HECSL

5) SRIZREARIRHFE Vs
2.3 NLMFAN & XU st o 4

FE1 XTU20V>0, 3 (6) T HFRTER
(14). (21), (36) HT A AL R ASIG I, PR e fie 8

WERR WAk, X (14) AT DL EE 2.2 9 h il ik
() A XM R i P o PR, FRATT R EE B oK
(21) A= (36) 7E BB A H B S BN H AR A
JEARYEINR . BeAk, R (6) T HARRYES 2 I
H UK, % 1 WAEE LA L UERE
B, BIHEAR I LG Ve & 45 M NMF 53,
it A NLMFAN H1 (%) U B 357 8 5 i 4% NMF 58
AAlE . P, T TR A NME iSO iE B 5 =X
AR A AE S L BN R HARBCA . A K

Ujj — »Vij

AR, R ZuE7E= 36) th A S M T
FATH BARA S RIAT, =X (32) b 5 HL
H S T 3CHR [25] X (26). (36) RUICSIUIE IR
AT 22 SRk [25] BF SR HP IR 72, AR AR B H

3 A EBERERIFME

31 KIEEIEE

R T VAR A SCHR O kg, FRATTAE SE PR
FEMERE R AT T 5

AR S S5 B B B s A A 5 CLUTO s T
HE UCT Hlgs~ 1 8dlsdE . Hoh, CLUTO J2—A4
AL, T XTI A R0 e 4R AR AT R L, TF
Gy HT £ R R IS B RFAE . CLUTO WY& T 2 A
HEMNEERRR.F WL Y ML HhIRE R
R FLE R AR SRR AR R R S T R R
o UCT AL 2% 1 Hal 4 52 I N Ok 2 RS o3 A 4
HH Y T LA o ) B Bl A, 12 8E A H TR A
559 RS, WA H 7AW . UCT %4
B~ A s HE I e 4R

WEH CLUTO $uds T H iy 4 4~ #4948
(Cacmcisi . Hitech, Kla, K1b) 5 UCI #L#% 2% ) L
HE4E 4 845 % (Abalone . Krvs, Wdbc., Vote ) i
T8 214 T B8R M ARE

xR 1 BUBERIFE
Table 1 Description of data sets
AR MAR FHER K| Bl MEAR FHER K

Cacmcisi 4663 348 Abalone 2282 8

S
2 4
Hitech 2301 2216 6| Krvs 3196 36 2
Kla 2340 1326 6| Vote 435 16 2
6 2

K1b 2340 1326 Wdbc 569 30

32 KBHE

R T i PEA B O R PR RE, K NLM-
FAN 5 — 86 28 ML 380 0 R A B8 1k B A 1 6 EE S
. F 55 M1 (principal component analysis,
PCA): LI 4E 7355 . NMF: 451 NMF 5
B, LLNMF(2009) : fifi FJRy #6545 #4) 2% > f) NMF
Bkl . GNMF(2011) : EE AL NMF!
NMFAN(2020) : HA7J&5 ¥ A 18 5745 1) /4 18 0] £k
NMF FiE,

K SCSL Ky £ F K Intel(R) Core(TM) i7-1065G7
1.50 GHz CPU, 16 GB DDR3 N f#, Matlab2019b,
T 5 S W PEREPEAR H, DAVERf R (accurity, ACC) |
bR H {5 B #* (normalized mutual information,

NMI) P A8 b5 A S 4 530 3% 1 B 4 I B9 4 1,
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TE 8 AL RE A EaE s . SEue b B ISk

2R E 255 RS SO 75 20 1Y = el
TERRA BG5S UEAT T3 ANG BE S I sis
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