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Label distribution learning based on triangular distance correlation

HUANG Yuting, XU Yuanyuan, ZHANG Hengru, MIN Fan

(College of Computer Science, Southwest Petroleum University, Chengdu 610500, China)

Abstract: Aiming at the representation problem of label correlation, a label distribution learning algorithm based on tri-

angular distance correlation is proposed in this paper. First, a distance-mapping matrix is constructed to describe the

mapping relationship between the label distribution and the feature matrix. Then a new triangle distance is designed to

characterize the correlation between the labels. Finally, based on the label correlation, the Kullback-Leibler divergence-

based objective function is designed. Results on eight datasets show that the proposed algorithm is superior in six evalu-

ation measures in terms of accuracy compared with eight mainstream algorithms.

Keywords: label distribution learning; label correlation; triangular distance; distance mapping matrix; multi-label learn-

ing; maximum entropy model; Kullback-Leibler divergence; L-BFGS method
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Table 2 Feature matrix X
FHESM R K 727N s S VN
X 0.38 0.35 0.00 0.12 0.15
X, 0.12 0.20 0.50 0.11 0.07
X3 0.11 0.10 0.05 0.19 0.55
X4 0.20 0.01 0.07 0.70 0.02
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Table 3 Label distribution matrix D
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Table 4 Objective functions of four popular LDL algorithms
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Table 6 Evaluation measures for the LDL algorithms
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Table 7 Experimental results on the Alpha dataset

(=R7R Euclidean] Serensen Squard x| KL| Intersection Fidelity? T
T-LDL 0.0231+0.0002 0.0378+0.0005 0.0055+0.0003 0.0055+0.0002 0.9622+0.0005 0.998 6+.0002 L2
@ ) @ ey ) (2
LDLLC 0.0232+0.0004 0.03794+0.0006 0.0056+0.0003 0.0055+0.0003 0.9621+0.0006  0.998 6+.000 1
2 (2) 2 () 2 @
0.2298+0.0124 0.3485+0.0154 0.3879+0.0277 0.5607+0.0710 0.6515+0.0154 0.8777+0.0100
PT-Bayes 9.0
) ) ) ©) ) )
0.0276+0.0006 0.0445+0.0009 0.0071£0.0003 0.0071£0.0003  0.9565+0.0009 0.998 1+0.0001
PT-SVM 6.0
(6) (6) (6) (6) (6) (6)
0.0279+0.0006 0.0449+0.0012 0.0073+0.0003 0.0074£0.0004 0.9561+0.0012 0.9980+0.000 1
AA-KNN 7.2
@) (7 @) (3) @) @)
0.0871+0.0070 0.14754£0.0131 0.1399+0.0501 0.0073+0.0058 0.8538+0.0117 0.9839+0.0017
AA-BP 7.8
(®) Q) (®) (7N (®) @)
SAIS 0.0269+0.0004 0.04294+0.0012 0.0069+0.0004 0.0069+0.0004 0.9571+0.0012 0.9983+0.001 1 47
(5) (4) (5) (5) “) (5)
0.0251+£0.0004 0.0408+0.0011 0.0063+0.0008 0.0063+0.0004 0.9574+0.0009 0.9985+0.001 1
SA-BFGS 3.0
3) 3) 3) 3) 3) 3)
EDL 0.0260+0.0011 0.04294+0.0022 0.0067+0.0006 0.0068+0.0006 0.9570+0.0022 0.9983+0.0002 43
) (5) ) (4) (5) (4)
x8 CdeHiEHEEHIHER
Table 8 Experimental results on the Cdc dataset
ER7 Euclidean] Serensen Squard x| KL| Intersection} Fidelity} FHE
T-LDL 0.0280+0.0003 0.0428+0.0007 0.0071+0.0005 0.0069+0.0001 0.9587+0.0004 0.9984+0.0002 s
ey 2 2 2 @ @
0.028 0+£0.0005  0.0427+0.0009 0.007 1+0.0007  0.0067+0.0005 0.9573+0.0009 0.9982+0.0003
LDLLC 2.2
2 @ 3) @ 2 “)
0.2399+0.0103 0.3455+0.0111  3853+0.0210  0.5374+0.0503 0.6545+0.0111 0.8778+0.0075
PT-Bayes 9.0
) ) ) ) ) )
0.0298+0.0007 0.0458+0.0012 0.0077+0.0004 0.0076+0.0004 0.95544+0.0012 0.9980+0.0001
PT-SVM 5.8
&) (6) (6) (6) (6) (6)
0.0301+£0.0009 0.0462+0.0013 0.0080+0.0004 0.0079+0.0004 0.9538+0.0013 0.9980+0.000 1
AA-KNN 6.8
(N @) @) @) @) (6)
AABP 0.0769+0.0081 0.1192+0.0109 0.0842+0.0281 0.0511+0.0121 0.8829+0.0134 0.9879+0.0051 20
(®) (3) (3) (®) (®) (®)
SALIIS 0.0290+0.0010 0.0445+0.0015 0.0073+0.0005 0.0072+0.0005 0.9556+0.0015 0.9982+0.0012 50
(6) “) (5) (5) (5) (5)
0.0284+0.0011 0.0449+0.0016 0.0070+0.0004 0.0070+0.0005 0.9558+0.0016 0.9983+0.001 1
SA-BFGS 32
“ (5) @ 3) “) 2
EDL 0.0283+0.0006 0.0429+0.0008 0.0072+0.0004 0.0072+0.0004 0.9571+0.0008 0.9982+0.0001 13
(3) (3) 4) 4) (3) (3)
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Table 9 Experimental results on the Elu dataset
. 2
RS Euclidean| Serensen Squard | KL] Intersection? Fidelity FHE
T-LDL 0.0279+0.0003  0.0415+0.0005 0.0063+0.0005 0.0062+0.0004 0.9585+0.0005 0.9984+0.0003 1o
@ @ @ @ @ @ .
0.0279+0.0005 0.0415+0.0007 0.0063+0.0008 0.0062+0.0006 0.9585+0.0007 0.9984+0.0004
LDLLC 2.0
2 2 2 2 2 2
0.2588+0.0203 0.3558+0.0198 0.4081+£0.0408 0.6062+0.1030 0.6442+0.0198 0.8689+0.0156
PT-Bayes 9.0
) ©) ©) ) ) )
0.0293+0.0008 0.0438+0.0012 0.0068+0.0005 0.0068+0.0005 0.9562+0.0012 0.9983+0.0002
PT-SVM 4.0
“4) 4) 4) 4) 4) 4)
0.0297+0.0010 0.0443+0.0014 0.0071£0.0006 0.007 1+£0.0006 0.9557+0.0014 0.9982+0.0002
AA-KNN 5.3
(5) (%) (6) (6) (5) 5)
AABP 0.0733+0.0037 0.1100£0.0048 0.0731+£0.0026 0.0481+0.0061 0.8891+0.0064 0.9890+0.0025 20
)] 3) 3 ©) ©) (3) '
SALIIS 0.0307+0.0009 0.0472+0.0014 0.007 1£0.0004 0.007 1£0.0004 0.9528+0.0015 0.9982+0.003 5 g
(6) (6) (5) (5) (7) (6) '
0.0308+0.0009 0.0475+0.0012 0.0075+0.0004 0.0073+0.0003 0.9552+0.0017 0.9979+0.0009
SA-BFGS 6.8
@) @) @) @ (6) @
EDL 0.0289+0.0005 0.0431+0.0008 0.0067+0.0003  0.0067+0.0003 0.9569+0.0007 0.998 3+0.000 1 30
(3) (3) (3) (3) (3) (3) .
% 10 Diau HEE FHTWLHER
Table 10 Experimental results on the Diau dataset
. 2
(=R7R Euclidean| Serensen Squard | KL| Intersection? Fidelity A
T-LDL 0.0543£0.0008 0.0597+0.0009 0.0132+0.0011 0.0130+0.0008 0.9403+0.0009 0.996 7+0.0005 55
(3) (3) @) @) (3) @) '
0.0545+0.0009 0.0599+0.0010 0.0133+0.0011 0.0132+0.0008 0.9401+0.0010 0.996 6+0.0005
LDLLC 3.5
“4) 4) (3) (3) 4) (3)
0.4027+0.0183  0.4177+0.0170 0.5280+0.0281 0.8512+0.0772 0.5823+0.0170 0.8230+0.0107
PT-Bayes 9.0
) ©) ) ) ) )
0.0628+0.0037 0.0686+0.0041 0.0169+0.0018 0.0167+0.0017 0.9314+0.0041 0.9957+0.0004
PT-SVM 72
©)] ) @ @ @ @)
0.0567+0.0019 0.0622+0.0022 0.0145+0.0011 0.0145+0.0010 0.9378+0.0022 0.9963+0.0003
AA-KNN 5.0
(5) (5) (5) (5) (5) (5)
AABP 0.0802+0.0051 0.0863+0.0059 0.0276+0.0013 0.0291+0.0069 0.9142+0.0067 0.9929+0.003 1 %0
(7) ®) ®) () (®) (8) '
SALIS 0.0539+0.0031 0.0593+0.0032 0.0144+0.0014 0.0141+£0.0013 0.9407+0.0003 0.9964+0.003 6 10
2) ) 4) 4) 2 4) '
0.0444+0.0022 0.0476+0.0023 0.0089+0.0008 0.0083+0.0009 0.9513+0.0027 0.9978+0.003 1
SA-BFGS 1.0
@ @ @ @ @ @
EDL 0.0597+0.0010 0.0653+0.0010 0.0158+£0.0005 0.0155+0.0005 0.9347+0.0010 0.996 0+0.0002 60
(6) (6) (6) (6) (6) (6) '
F 11 Heat H{IE&E FHLINER
Table 11 Experimental results on the Heat dataset
. 2
(=873 Euclidean] Serensen Squard | KL| Intersection Fidelity? A
T-LDL 0.0591+£0.0009  0.0597+0.0008 0.0127+0.0011 0.0125+0.0007 0.9403+0.0008 0.996 8+0.0007 L2
(2) @ @ @ (€)) @ ‘
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ER7 Euclidean Serensen ] Squard | KL| Intersection( Fidelity EHE
LDLLC 0.0591+0.0008 0.0597+0.0008 0.0127+0.0011 0.0125+0.0007 0.9403+0.0008 0.9968+0.0008 12
@ @ @ @ @ 2 '
0.4500+0.0231 0.4354+0.0193 0.5450+0.0361 0.8678+0.1198 0.5646+0.0193 0.8180+0.0131
PT-Bayes 9.0
® &) € ® € ©)
0.06254+0.0023 0.0627+0.0022 0.0141+0.0010 0.0141£0.0010 0.9373+0.0022 0.9964+0.0003
PT-SVM 33
“ 3) 3) 3) “4) 3)
0.0624+0.0020 0.0632+0.0018 0.0141+0.0010 0.0141+0.0010 0.9368+0.0018 0.9964+0.0003
AA-KNN 32
3) “4) 3) A3) ©) A3)
AABP 0.0793+0.0068 0.0822+0.0071 0.0235+0.0047 0.0246+0.0053 0.9198+0.0061 0.9937+0.0028 %0
(®) (®) (®) (®) ®) ®) '
SALIIS 0.0703+0.0036 0.0692+0.0033 0.0182+0.0016 0.0182+0.0016 0.9309+0.0033  0.9954+0.0042 6a
(6) (6) (6) (6) (6) (M '
0.0728+0.0031 0.0791+0.0029 0.0188+0.0016 0.0186+0.0015 0.9304+0.0034 0.996 1+£0.004 8
SA-BFGS 6.8
(7 (M (M (N (7 (6)
EDL 0.0629+0.0016 0.0633+0.0017 0.0143+0.0008 0.0143+0.0008 0.9366+0.0017 0.9963+0.0003 5o
(5) (5) ) (5) (5) (5) '
F12 SpoBIFEEEHITHRER
Table 12 Experimental results on the Spo dataset
(2873 Euclidean] Serensen Squard x| KL] Intersection] Fidelity] A
T-LDL 0.0817+0.0014 0.0842+0.0014 0.0247+0.0016 0.0243+0.0016 0.9158+0.0014 0.9937+0.0006 20
(1 ) ) ) ) 3) '
0.0819+0.0013 0.0844+0.0013 0.0248+0.0014 0.0245+0.0013 0.9156+0.0013 0.993 7+0.000 5
LDLLC 2.7
@) 3) 3) 3) 3) 2
0.4038+0.0162 0.4030+0.0134 0.4972+0.0246 0.7172+0.0840 0.5971+0.0134 0.8342+0.009 5
PT-Bayes 9.0
® € € € € ©)
0.0878+0.0019 0.0893+0.0022 0.0280+0.0015 0.0284+0.0015 0.9107+0.0022 0.9929+0.0004
PT-SVM 6.2
) (6) (6) (6) (6) (6)
0.0879+0.0030 0.0899+0.0024 0.0286+0.0020 0.0286+0.0002 0.9096+0.0034 0.9927+0.0005
AA-KNN 6.8
(6) (M (M (M (M (M
AABP 0.0979+0.0041 0.1012+0.0038 0.0344+0.0038 0.0359+0.0039 0.8982+0.0037 0.9906+0.0010 20
®) ®) ®) ®) ®) ®) .
SALIIS 0.0863+0.0041 0.0861+0.0036 0.0251+0.0036 0.0252+0.0022 0.9139+0.0036 0.993 7+0.000 5 in
(5) “ ) “4) 4 “4) '
0.0819+0.0045 0.0833+0.0038 0.0229+0.0019 0.0226+0.0021 0.9168+0.0039 0.9951+0.0007
SA-BFGS 1.3
3) @ (0] 0] 0] )]
EDL 0.0843+0.0029 0.0872+0.0029 0.0268+0.0015 0.0269+0.0016 0.9128+0.0028 0.9932+0.0004 48
“) (5) (5) (5) (%) (%) '
R 13 Cold HiE&K LWL R
Table 13 Experimental results on the Cold dataset
Ak Euclidean | Serensen| Squard le KL]| Intersection? Fidelity EHIH
T-LDL 0.0681+0.0015 0.0591+0.0014 0.0122+0.0023 0.0120+0.0013 0.9409+0.0014 0.9969+0.0013 L0
@ @ @ @ @ @ '
0.0683+0.0019 0.0592+0.0017 0.0122+0.0025 0.0121+0.0017 0.9408+0.0017 0.9969+0.0012
LDLLC 2.2
@ (@) 2 2 @ (©))
0.5252+0.0224 0.4479+£0.0189 0.5873+0.0352 0.9089+0.1042 0.5521+0.0189 0.7991+0.0134
PT-Bayes 9.0
©) ) ) ) ©) )
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Ak Euclidean| Serensen] Squard '} KL| Intersection? Fidelity FHH
0.0753+0.0080 0.0654+0.0069 0.0147+0.0033 0.0146+0.0033 0.9346+0.0069 0.9963+0.0008
PT-SVM 5.3
) (6) ®) ®) (6) ®)
0.0724+0.0027 0.0630+0.0024 0.0136+0.0011 0.0136+0.0011 0.9370+0.0024 0.9966+0.0003
AA-KNN 32
©) 3) 3) 3) €) “4)
AABP 0.0838+0.0045 0.0710+0.0027 0.0178+0.0011 0.0163+£0.0030 0.9328+0.0029 0.9952+0.0017 %0
®) ®) ®) ®) ®) ®) '
SALILS 0.0767+0.0004 0.0653+0.0034 0.0157+0.0015 0.0155+0.0015 0.9347+0.0034 0.9960+0.0039 6r
(©6) 5) (7 (7 5) (7 '
0.0745+0.0004 0.0641+0.0035 0.0139+0.0013 0.0143+0.0015 0.9348+0.0035 0.9968+0.003 6
SA-BFGS 3.0
“ 3) A3) &) 3) 2
EDL 0.0771+0.0018  0.0668+0.0016 0.0154+0.0009 0.0153+0.0009 0.9332+0.0016 0.996 1+0.0003 65
(7 (M (6) (6) (M (6) .
R14 DuHEE LWL ER
Table 14 Experimental results on the Dtt dataset
(=873 Euclidean] Serensen Squard x| KL| Intersection] Fidelity] A
T-LDL 0.0477+0.0015 0.0415+0.0013 0.0062+0.0027 0.0060+0.0018 0.9585+0.0013 0.9984+0.0012 L3
0] @ @ @ ) ©) .
0.0480+0.0020 0.0417+0.0017 0.0062+0.0028 0.0061£0.0021 0.9583+0.0017 0.9984+0.001 1
LDLLC 2.7
2 3) 3) A3) A3) 2
0.4879+0.0242 0.4156+0.0192 0.5416+0.0438 0.9069+0.1580 0.5844+0.0192 0.8113+0.0186
PT-Bayes 9.0
) € € © € €
0.0516+0.0029 0.0447+0.0024 0.007 1+0.0009 0.007 1£0.0009  0.9553+0.0024  0.9982+0.0003
PT-SVM 6.3
(6) (6) (M (M (6) (6)
0.0512+0.0019  0.0443+0.0017 0.0071£0.0007 0.0070+0.0007 0.9557+0.0017 0.9982+0.0002
AA-KNN 53
®) ®) (6) (6) ®) ®)
AABP 0.0622+0.0032  0.0531+0.0029 0.0097+0.0012 0.0122+0.0037 0.9465+0.0024  0.9969+0.001 1 %0
®) ®) ®) ®) ®) ®) '
SALIIS 0.0535+0.0023  0.0480+0.0023  0.0068+0.0005 0.0068+0.0005 0.9520+0.0023 0.9983+0.0013 ss
0 (M “4) “4) (M “4) .
0.0495+.0019  0.0409+0.0017 0.0058+0.0005 0.0054+0.0004 0.9584+0.0023 0.9989+0.0010
SA-BFGS 1.5
©) (0] ) ) 2 (0]
EDL 0.0508+0.0022  0.0440+0.0018 0.0069+0.0007 0.0068+0.0008 0.9560+0.0018 0.9982+0.0003 47
“ 4 ®) ®) “4) (6) '
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