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Abstract ; Theoretical investigations of the ant colony optimization ( ACO) algorithm can help to improve our under-
standing of the theoretical basis of the algorithm and guide its appropriate application. Theoretical research on ACO
has included analyses of early convergence, time complexity, and approximation performance. Investigation objec-
tives have ranged from simple Boolean functions, to combinatorial optimization and practical application problems,
to the analysis of NP-hardness problems. In this paper, we survey state-of-the-art theoretical ACO research from two
aspects; the most common mathematical techniques and those less common. In addition, we introduce two mathe-
matical analysis tools, including fitness value partitioning and drift analysis, and discuss important ACO issues, in-
cluding ACO runtime analysis and approximation performance. More specifically, we provide comparative results for
ACO’ s performance in solving various problems. These studies provide a direction for better understanding the
working principles of ACO. Finally, we highlight further research directions, including the introduction of new ana-
Iytical tools and the study of more complicated algorithmic models.
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W L PSR TR T U AR 3 1 A 1)
TEARRSEUGOUT |, 52 1 22 40 IO 2 48 i 52
Me) S0Pk R, ] 152 B 0 0K, DL S n-ANT B335
KA ARG PEA ) B P BE | BERE TE AT 2 FF By I [A] 9
YA 2 FERAR (A — DT B ),

3.3 MBIfR/REHE] NP o) &
3.3.1 W RBH

PLR 7 A~ eRECH 3 B 18 A0 RSO Sk ) ) 42
P e SR T AU R R

1)OneMax(x)= l'ifl,lxi ;

2) LeadingOnes(x) = iiljl_l—[lxj ;

3) Trap(x)= éxi+(n+1) . f[l( 1-x;);

4)BinVal(x)= LG,IZHxi ;

5)Needle(x)= Ifllxi ;

6) NH-OneMax(x)= (Llf[lxl) (iéilxi) ;

7) F(x)= l__ilwixio

M 2006 AFEF- i, WORERVE OC T 8] 52 0% 2 B
FYHE BT T AR K H BE, Neumann > 253 i 45 41
(1+1)EA #3577 — MR Y ACO % 1-ANT 434t
B 25 T 1-ANT 3K fiff 17 B 480 A5 /K PR ZX OneMax
SEBFE A A BE SR O (nlogn) |, I HL48 W38 & H 1%
A T) &2 4% B e 25 OB 1 52 i, 5 L [A] B, Gut-
jahr ) SR FHAE AR B4 5 38043 R LA 15830k ek 1) 422 2
B BFGE T GBAS Fll AS B~ ACO Bk [F]— 437 .
Doerr 231 DL 1-ANT 3R f# % T OneMax K i, 23 #7
TREE KRB A4, 1-ANT Bk i [8] &2 2% B



41

BNz 5 WAL ik i BE AT 7S -33-

FE s 1) 3 Z2 35 B 1] (AR 54 85 . Doerr 4517
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RS o X T3 R R KR LeadingOnes F1 Bin-
Val, BN A A 00 3 B N A] o 2 48 i . M,
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ZEEATWI S T e K /NS IR 58 (( max-min
ant system , MMAS) " B3k PERE %8 2 WU
TALH— 221K FLff F Best-So-Far BB AL, Xt
T BB IR S K /N W5 G RE 65 AT R0 ke
oA, IF BE AR — 1 B BRIz AT I | A, Gut-
jahr Sebastiani** 4347 T MMAS 7E3K f# Needle-in-
a-Haystack il LeadingOnes P 48L 43 /)X bR £5 1Y) 15 (1]
SR P | 1T AL B v 3 A R0 43 B R 1 Al
AR T Rl ACO B[R] A2 AR BB A AT HE SR 4
VE g — e o3 i i — AR A B T H. 2007 48,
Neumann %5155 ACO B34 i 1) BA06 ok K0 i 5
PRI BB AT 4B b, I TR S U B Al
TEERM AR E AR, #— P05 T 1-ANT 5.
25T LeadingOnes ,Needle 55 HAWALL A7 7K p&£R 4
15 A4 L 5 Kostzing 557 Lk L WFT T WA MMAS
SRR AR S AU K BREC I 8] 52 2 B, O 4a il T
SR T A 2 M pR B — s E] | B O (n’logn/p)
Neumann .Sudholt Fl Wit ™ #F58 T ACO 5 Ja &k 48
FIRG AR | A5 X T — 28 A TG 38 1 R
B, ACO Fk4E G R i 2R BE % LU m iU 6 45
B )L Sy Z2 0 Rl X 55 b — S8 ek B 1R
AR

DL B AR Al 0y i A T GG
AR SR Z R 3 BT B8 1 RS2 kil
332 PFEA

— B R PR Y Sk B A TR 22 TN ] SR i P
KA SR, 23R ACO A TSRl
TR T HAREAE, ACO Bk 7E— L B pR B 1
SRR D A R k2D B SEBR Y
HE AR Ery b, HET ACO Rk X £
T AT SR A ) AR RIS 3 AT AR A T — L5 R, FK
TIEA I RO AT Se Ak ) E REAS AN
TR R B 553 T DG H R T S 3 A e
TEVRA M T A WO 5 TARMLH, P4 Sk
Wit B

Fe/IE A (minimum spanning trees ) [7) 8512 44
PEs 5RERO D — A S, A
24 B E R Kruskal A1 Prim 2351 SR GO
BB 2 24 2O ( (m+n)logn) F1 O (nlogn+m) (n A

S8, m A %) . Neumann 1l Wit ™ 4347 T
ACO FFE SR dpe/INAE JRRY 0] 780 1% 1) 52 242 3, L0
WSS ) A R T P AP O [6] 19 44 3 5], Broder-based
F1 Kruskal-based , F-UFE B T e K e /)N M 3R B¢ oK i
e/ NAE IR T R S BRI ] E 5 O (mnlogn )
F/VE (minimum cut) [A)REE EE TP 2 LR 2H
AR A A — 2 Z I AOR A B e/
FIARSCHY ) R AN e /) E-FIFD multiway F 55 ) AR
NP HE[F] 8 Kotzing % 43471 7 ACO Bk AER
fiff 2 L g/ N T 5T A ) ) 52 2% BE O 9R T 24K
WEXT T AR SLF RS TR T M, H55 o
=0,8=1, % TAEE 4 & A ALUE S5 MMAS ™ 48
=N R/NEI BRSO (n?) s 5580

=1, g = 1, W & ¥ 8 Lk w5 [ K
0( (n=2+2c,) ! ]Hﬁﬂ —h/1 0 F 1 HEK B

AN IR AR R P o, =k SRR Y
AR O(n™)

LA (R R A 2R R PR rh M 45 i 22 A Y
ISR, Dijkstra B35 52 3K i 1% [n) #5111 S0 759 4% Fly
S AT B AR BT A5 A s L B
o SCHR[41-43 JWIE5E 1 SRS AR (Rt , -3 o A
T ACO Bk sRIGICIS AT EE i A W 17 DL N fie
AR RS T A3 B ) o Astiratanasunthron F1 Fakcha-
roenphol " 5T T ACO B RffAG 10 JoFA B H b
S A% (0] {81 ( single destination shortest path, SD-
SP) By Z iUt ) Bt o X T IO n BB m 1Y
A TCIHE, BA n B n-ANT H75 RE S 761
EEE] O (n’mlog n/p) PR AR EA-E B 0 AR (] R

FELFERY I, Horoba 1 Sudholt' $4 45 4™ 7
PR K dwe/ MBI R S8 (MMAS) |, 73 8] MMAS g K T
B H AR e A AR (SDSP) [l AT MMAS g, & F 435

SP) By IF AR W ) B A i o O (Im +n/p)
O(nlog n+log llog(Al)/p) ,J5#& A BAjotig & E
% (meta-heuristic ) & F APSP [n] @l i1 5, #—
# , Sudholt Fl Thyssen[m TIE T I BUECHT e 75 B L
BRI 25 T M R SR AL ORAIE LA B2
N [1) 52 2% B 22 T AU G 2R

HT , Lissovoi Al Wit ™ #7178 17 A H 0 By 44 5
K/ NBBRSGE A-MMAS 532:7E 8175 SDSP (7] [
RO TR] S AR, AT Hh A T bl — i it Y
0 L 2 R i R I S BB AT RO SR ik B 2 SDSP
R, 25 T IO i 45 A R AR ] 22 [y
KFo WA AT BT T T MMAS 53 78 8 &
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3.3.3 NP #EFA

JiRAT R 0] ( traveling salesman problem, TSP)
SEAA AL T 2 1 NP X ] B 2 O e 1Y
AR R R, Zhou ! 1 R AT T IR
BRI TSP S 1355 1], B 5 UG
SET OB OR AR NP ME [R] UG A R R O
0T NP ME) B [H) 52 22 PR o B i 8 0 TA . AR
FE VAR ACO SR A% TSP Y 48 T8 fa) 4347 , 74
1T 5t AR 58 4 B P TSP 5261, 4 B Ffily
317 (1+1) MAX-MIN Ant Algorithm 3R fi# TSP 52|
SR ) b A R e T AR T e T RE L
JE R B 2R A A S 800 A8 A S TS el Y
S Kotzing 25 N 78 SCHR[ 45 ] RO LR EEFT T
AR T — BT A A A 1 T )
3, R EA A R e T seie 1 2|

— AR TR A A XSS BIE R S
BN Rl e, TR ] S FR 5k, SR, )R & X
K A RBT, AR PR AR BE 8 4k B e fi

PR b VR 2 g s A A LA TR LR SR NP s
A PR F e - 8 7] 1D e - [ 1 17 N 2
FE 2235 A [R] A9 i E P R BRIE P=NP, WU AL
TR SR i BE Z2 1 NP OE [R) 8 A M BB H RIS AR AT, X
D7 T R TAEARIFE 4R, % F R AR T fife iUF 31
HIa TALEE SR Af NP xR RE R PERE , LA S dE S0k
Bt M i A B R B E L,

e 1 H02 T AR MO (L B B T ST
— S RIS R A4 DA TRT A FU A JR pREL R NP
MEMRI AR, AN R A9 15 B R HET AL, DL RSB0 BT
VL RE R R 257 T8 (4 B BT AR

F1 WERAKEEZTESHEELEE
Table 1 The list of theoretical results of Ant Colony Optimization

[F] ] B AR ) 52 S AHIESCHR
OneMax OneMax (x)= ilxi 1-ANT O(nlogn) Neumann'?+?/
LeadingOnes LeadingOnes ( x) = il _IL[lx/ MMAS = O(n*+(nlogn)/p) Neumann 2%’

iS1j=

F(x)= ilwlxi

Linear function

MMAS/ MMAS =

O((n’logn)/p) Kotzing %57

Minimum )
. e/ INAE A [ 1-ANT O(mn(logn+logw,,, ) ) Neumann FI Witt (¥
spanning tree
O(n*)(a=0,8=1);
. BN I B R AL ) £ L 32 (n=2+2c,) |
Minimum cut Ol ————— 1>
s h MMAS = (n=2)1 (2,)! Kétzing 251
problem Eﬂﬁﬁ[l,h],c,lZT, o Sk R
O(n™) (a=1,8=1);
Sinede Destinati Hhm o B, A R
ingle Destination o
oo IR AU L A g B i o(mAloE(AD) " b 25007
ortest Fath, = N n- — thiratanasunthron
SDSP (CIZRA 1L —5%) W KL EL,p p
hACO BRI R N T
All-pairs  Shortest . "
MMASAPSP O(All" +1/p) Horoba #/ Sudholt
Path( APSP)
O(l+ln(T,, /7)) /P) (A=
Dynamic SDSP A-MMAS Lissovoi Al Witt'*’
2e/7T,..)
O(n®+(1/p)nlnn) (a=1,8=
TSP 5t 4 (R 511 (1+1) MMAA 0);0(n’+(1/p)nlnn) Zhou'*’
(a=1,8=1)
TSP G, MMAS;,  O(n’logn+nlogn/p) (a=1,8=1) Kétzing 2514
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