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Study on approximation capabilities
of general homogenous T-S fuzzy systems

WANG Ning, TAN Yue, WANG Dan, WU Zhi-liang
(Marine Engineering College, Dalian Maritime University, Dalian 116026, China)

Abstract ; In order to analyze approximation capabilities of general homogenous T-S fuzzy systems, the general fuzzy
partition ( GFP) with universal significance was definitely defined in the input space of fuzzy systems through com-
prehensively summarizing properties of common fuzzy sets. Based on the analytical structure, a large class of gener-
al homogenous T-S fuzzy systems was proven to be able to approximate any nonlinear function to any degree of accu-
racy, and a sufficient condition for the introduced fuzzy systems to be the universal approximator was proposed.
Concerning the degeneration of the GFP, the linear fuzzy partition (LFP) in the input space of fuzzy systems was
also defined to further investigate first-order approximation capabilities of general homogenous T-S fuzzy systems.
Simulation studies demonstrated that the presented theoretical resulis are effective and the sufficient condition was
investigated to be conservative. These results provide a theoretical foundation for complex system modeling and con-
trol based on homogenous T-S fuzzy systems.
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75 ¥ (B R4y BTl B BN R G IE T M R
434 Tanaka il Wang 4 AT T —M 2T F
174375 #p 2 ( parallel distributed compensation, PDC)
LR A SR, (linear matrix inequality, LMI) J5
HH T-S BOME R RE BT T . B Ry e
W EER, SCBR[ 13 ] X — 2R FF IR T-SE M R G R B IR
PEREHERT T ¥R, (BB RE WG R A —
SR RBRME. B, ET A B E X — R A
= [ PR XS B A Rl 40, BFRE T — REFFIRT-S
W RGN BIE AL & BRI R, S E TR
B —STIRT-SERI R B EE B R Fr it — 21
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AL B W IR — R, B E LT —
ﬁﬁfﬂﬁﬂﬁ'ﬂzﬂ‘ﬁﬁ/\ S ] ) — R 43 (GFP) , 3F:

BETRWARA GFP BTk T-S BMI RGE W — &5

ﬂil- TEMEERL b, BT T —RE— ST T-S W &
G5 B3 I P RE AT IR RO B I T R, T4 i
T B RGN EEERNFES R &5 05
B AIBHIE T Frig e 45 R A R,

1 WAXH GFP iR T-S EM A4

1.1 Rk T-S HEM#E
FIR T-S B REA R BB —NFEL BT,
%ﬁ%fﬁ/\gﬁﬁ‘tﬂﬁﬁfm Uc R'—>VCR, H
U=U, xU, x--- xU, Az E,V Himil == E. 57
K T-S B REE W H#E
R,:1F % is M, ; and -+ and %, is M, ; THEN
Jis = ax,l = 70,0y, ,0,),i =1,2, N,
(1)
R WARSHE Y =[x, 5, 2,] eU,xel;=
;.8 ], M, (i; =1,2, -+, N;) NAHR IR, N,
AR MIR A H%E IR E
7(i 0,0 0,) =

{gw,-—l)f[m

+i,,nz=2,
m=j+1

i, n=1.
STFR L A TR TN o s T A
Jrik, R0k TS BB RS (1) TR
() = ghxx)alx. (2)
Kb 0<hy(x) <1 N IEMALTORES, 3R

h(x) = wl(x)/;rlwl(x)’ghl(x) =1,

w,(x) = HM (=;). (3)

i‘:tlﬁ:wl(x)?y%l%ﬂﬁlﬁu#ﬂﬁf?ﬁﬁﬁ%,,-}.(x,-)ﬁ
o SHTBHISE M, R,
1.2 SINFF GFP M55k T-S IR S

MTEMARSL(2), BERARBEAALEN
FEE R, A RERER R ARE S W HE—
ARXIBPRA . T H, BN ESL T
—A~ R BB BRI, FE L B ML /S AR R T 7R X,
AR R . FIa, AR R HA WAL
R, 2T, B R R R S —
A=K 53( GFP).

w’M,, (x ) AR U, ERESRE:

(x) %; € (a ,d;; )

1, % = d,
D, (x) %; € (d Ry )

0, %; 95(“1,”1,)

K :0<aL, (%) /0, <A, - A<D, () /9%, <0,
0<A <o, d HEMIR M, KL

]Wj,ij(xj) =

EX1 %ﬁﬂ%éﬂ{ L= 1,2, N, j=
iU E—A *ﬂiﬁ’lﬁﬁ]ﬁ(cﬂ’),ﬁﬂ
RWBREM:1) diy =0y, djy = Bj,djy <djp <+ <
dj,Nj;Z) aj,,-]_<b (<d;; S +1<b ,i;;=2,3,-
N, -1.

B4, AR U X454 KA~F 28 D,
k=1,2,---  K,K= HK K, =N, -1. AT A
4]

D, =i{xlxeU Gy, S % S djp,j = 1,2,---,n}.
(4)
K

k=o(k k,- k), k=12, K,

o(ky Ty, k) =

{2((1: -1) HlK ) +k,,

k, n =1

B3 (2) .(3) .(4) , 158 AR GFP K5FIK
T-S M R0

fs®) =Y h(x)ax,x e D,k =12, K (5)

KA
L = {l =1(c7 (k) +8(es.0,7,) | ¢ € (0,1},

o) = 2( [N, +e.

m=j+1
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EBX2 %ﬁﬂ%iﬂ{%,wij=1,2,"‘,N,-,J' =
1,2, ,n} & U BB —A M8 &I 4 (LFP) , 40
%{]Wj,,-j, i; = 1,2,---,Nj,j=1,2,---,n}%UJ:E(J—~
A~ GFP, I Hi 2 :

]Wj,kj(xj) (xj - dj,kj) + ]‘lj,kj+1 (x,) (xj
]Wj,kj(xj) + ]‘lj,kj+1(xj)
Cig» X € [dj,ki’dj,kj+1:|' (6)
Reft gy, (hy =1,2, K)

%W, LFP 2 GFP g — M fil, ¥ 2B

=M FRIE REER—Fh LFP.

2 BREMRHN

2.1 EHIERMEE
AR—E, R EBEMESIEL LR f(x):
UCR'-VCR ¥ BRI T — R

- dj,kj+1) _

1)%'11'1(0) =0eD, i},

Rig1 FLERFAX)WHEE:1) 0) = 0;
2)feCl B f(x), VA )MV f(x) BB U L2
BEERR. Kb, VA(x) = [of(x)/0x,0f(x)/
0y, 3f (%) /0%, ], Vif(x) = [azf(x)/ax,.axj]"x".

£

(x) - VAx)x
_ Vf(x) +Z;——Wr;1%;———x X =0, )
VAx), x=0.
a, = a(x,). (8)
Hfxyg =0e {x,0=1,2,,r} %, =[d,, d,
d,,, 1" 5 BRI,
Ax) = a(x)x.

WEBAER AN = (1) fras, BrfS 18 3 s 4
RO Fim FEAEBEWAFEME D, WEBIERZE
e(x)

a(x)

e(x) =fx) —frs(x) = Y h(x)(f(x) -ax) =

lely

iy () (f(0) + VA(0)5 + 25"V f(m0))x = VAO)%) +

S h@)(fw) + V)@ =5) 4 (=) VFn) (6 =) - Ufiw)x

140y ey,

_f(xl) - VAx)x, o ) —

Z X;
x|

hl(O) (x)(%xrr sz("lz(O) )x) + 2 hz(x)(wxg(xz -Xx) +%(x _xz)T sz(”lz)(x _xz)) =

10 jely,

2
(BN

iy () (" Vo)) + Y W) (@ = VfG)) (o, =) +o-Gx =) Vi) (& =),

1410y Ley,

2)%H Xy =0¢D, i,

e(x) =fx) —frs(x) = Y h(x)(f(x) -ax) =

lely

VI EERETEIHA
e(x) = ;L,hl(x)((al - VAx))(x, -x) +

S =x) V) -x)). (9)

xH:x,m, eD,.

EFHE1 HWARM GFP 55K T-S B R4&
frs (%) BRELME BN B —BUB IR ERIRWEEFE
KPR E f(x) . UCR'-VCR.

iER B (9)TF

le(x) || =

lely

3G (fx) + V) (5 =0 + (5 =2)" V) (3 = %) - Vfw)x

_f(xz) - VAx)x o ):

2 1
Il |l

Y h () (@ = Vf(8)) (5 = %) + 2-(x =2)" V() (5 = 1)

I3 k) ((a = VAx)) (2, - %) +

lely

S E =x) V) (5 -x)) | <
3 k) | (o = VfC)) (2= 2) |+
3 hy(x) | L =x) V) (-2 | <
max | (a; - VAx))(x, -%) || +

1
max | T(x _xl)TVZf("ll)(x -x) | <
el

max{ [@; — VAx) | - o -x|}+
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Fmasl | V) |- 1% =% 1%} ,5.m, € D
é\
A, =nd,, 8, = I?%]X 81y (10)
o
k= ok k- k,) 16j,kj = dj,kj+1

v = max @ - Vf(x) |,
el

- dj,kja (11)
(12)

pe = max || Vif(m) |l om € D (13)

I SGIE L)
1
le(x) || < ysds + jpkAi,x e D,. (14)

B (8) FRBE 1 WALy, M p, #RARKIZL A
TV e, >0, A, T4/, H

| ex) | <e&,xe D,
NI

le(x) | s&x e,

£ = max g, kE=1,2,-- K

MVe>0, FE—MFR TS EMRE MR
le(x) || <e. IEE
2.2 {EABRIBESRNTESFE

ARtk KGR AZEH— L3R
® [0, 1].

EE2 WRGFPRANSISAH N MR
TE BN, = N, j = 1,2, ,n, LB LR
FELMREf(x) MG ERBIERE & > 0, MFHE:

NB«/r_L(c +5 + A/§:+s1)2 +25,8) +1 (15)

Rifrze = | VA0 | + | VF0) |5, = max
| VA 1|5, =max | V() |l

T HE WA RSRENS A N
RT3 (10) ~ (14) T8

I s (%) =f(x) | <94+ %,,Az _

Joy/(N=1) +Ynp/(N-1)> <e,x e U
Y 2”'P
Bmy/(N=1) +2np/(N~1)* <o, 3L EFRI 78
N?ﬁ(7+ 2v’)’2+2P6‘) +1.
&

Ay =max | ¢ - Vf(x) |,p = max
I VACx) |- BB 1 T4,

y =max|@a - Vf(x) || <
max LA(x) - VAx) x| l<

(B

x

LA |, Il VAx)x |

max{ }s
* (B x|l

e[ L VA2 +5 VA0 1,
: E

max] L) |
ax{ LSS LS VA0 |+
| V2A0) | - max x| +max || VACx) .

Xiixe[0,1]",18 y<c+s.,p =5, B (15) B
3. JEEE.
2.3 MNEHSHAIEIEL
ARSI AR A LFP B957IK T-S B R 4%
S B I R SR —BUB I RS 2T GFP
LFP 5 X, B Jedh tHin T 5| #.
11 MR (M,
j=1,2,,n} ¥R LFP 5 3, WA

i;=1,2,,N,

FRd

Yy Vh(x) =0, (16)
Y (x -x) Vh(x) =-1,x € D,
A VA (x) =[0h, (x)/0x, 0h,(x)/ dx, =
oh,(x)/9x,] 1 R I

iERY 5 GFP f1 LFP Eﬁ;“é)‘(ﬁj%u,lgkhl(x) =
1, NI 43=(16) Biar. B (3) . (4) W43
zhz(x)(x -Xx;) =

lely
H]Wj,kj(xj) (x =x,)
j=

n

TT (M () + My (5))

j=1

M1,k1(x1)(x1 - d1,k1) +M1,k1+1(x1)(x1 - dl,k1+1)
M1,k1(x1) + Ml,k1+1(x1)

lely

Mn,kn(xn) (%, - dn,kn) + Mn,kn+1(xn) (%, - dn,kn+1)
Mn,kn(xn) + Mn,kn+1(xn)
X (6) /17

Zhl(x)(x —xl) = [clkl gy T

lelg

LN

Cn,kn] ' =¢

(X hi(x) (x —x;)) /0% =

lely

Y (x-x)Vh(x) + Y h(x)I =0,x € D,

BrLL,
Y (x —x) Vh(x) == Y h(x)] =-ILx € D,
TEEE.

BE2 WF V>0, HHEO <f<l, il
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la(x) —a; | <, R | x-% | <é
iER  Ef&Ec 1 A7) WA,

Jlri_rga(x) = 11_13( VA(x) +f(x) ”_xV” 2(x)xxT) =
VAO0) = a(0).
FrUA,a(x) 72 28 SO BESER). X H(8) %5

FHIRIE , iEEE.

EE3 WARM LFP 5Tk T-S BB R4E

frs () AMLAERS UL B E — BUB IR R R BHIE
BARLRE f(x) , T LA REE R S5, BB
UESHEEERIFHVAx).
iER BT LFP 2 GFP B — 455, e 2 1
H] A AR LFP B957IR T-S B R LR LR
M —BUBE W R R RME BRI R A(x).
B (5) wg

| VAx) = Vis(x) | = || VAx) - lz;,aszhz(x) - lz;,hz(x)al I =
I vAx) = Y (Ax) +a(x =x)) Vh(x) - Y h(x)a, || =

el

el

| VA = 3 (fx) + V) (5= %) + 5 (5 =) V) (3, - 3) )

el

Vh(x) - zal(x -x) Vh(x) - zhl(x)al I =

el

el

| VAx) + 2 VAx)(x —x;) Vh(x) - Zf(x) Vh(x) - zal(x -x) Vh(x) -

el

el el

zhl(x)al —%2 (x, —x)TVZf("ll)(xz -x) Vh(x) || ,x,m € D,

lely lely

Hi5| B 1 "A,

| VAx) = Vfs(x) | = | lz;,al(x -x,) Vh(x) + lz;,hz(x)az +%lz;, (x, _x)TVZf(”h)(xz -x)Vh(x) || =

| lz;, (@ —a(x))(x —x;) Vi, (x) + lthl(x)(al -a(x)) +%lz’} (%, -x)' sz("ll)(xl -x)Vh(x) | <8.xm, €D,

MFIE2 THE | x-x || oD, MFEE
V6, >0,f13 | VAx) - Vfs(x) | <b,,xeD,. 4
x=x;,lel, B ,h (x) WA AHIFEA—EHE, R
BTN RGN R BB EERENE B E
HFHOW BT IR 2 FTREAHEOR. RS

3 EEA

RBAEASC G R EIE S R, F IR W A B

HIFTR T-S BRI RS, RRB IR IR & R ECh
f(x) = sin 6x,sin 6x,.

K x =[x x]e[0,1]". BRHFW=FEAFME
1 s, X T8 AR GFP 5Tk T-S B R &,
GFP KA S MM 2B =AEF R R, A
Y758 BRI LB M, 4 AR F
HEm ABREETE, BB WE 2 Fiar—3
BERESWARMEHREZ L XR. HE
Wl W45, A AR RS E 3K, —BugiE
BEBTE. i ARA GFP KFFIK T-S B8 &4

BB LUE B X —BUBIE 18I AL 25 AN
LR EECY 14 i, B R SEEE REEI =4ER N
B3 B, B RZ WA 4 Fim. B, ZEM AR
RETR AP —BUB I 4 E M IE R MR AL HIBRE
I RTEUTAEBE , T S A I AR £ B %K E R 5K
B B RGN R (%) B — K FRERA B
TERBIEACR , MKW 5 ~6 4. Fit, U Bl
WU T B 1 FIER 3 TSR BB 4R,

SN
1. 0- A5
7 T
5 05 ,élll‘%%g‘\{y\\\
S SN
0.5 NS N
g Nl
0
B 0.8 1.0
0. SZ \\O/O/ZT 4 0.6

B 1 e RS f(x) =sin 6x,sin 6%,

Fig.1 Nonlinear function f{x) = sin 6x,sin 6,
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Fig.4 Approximation errors when using 14 fuzzy sets
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Fig.5 Derivatives of f(x¥) w.r.t. %, and approximation errors
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Fig.6 Derivatives of f(x) w.r.t. %, and approximation errors
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Table 1 Validity and conservatism of Theorem 2

SERE  EE2BHNTESAGN  LRELDEE

0.5 13 0.419

0.4 16 0.0235

0.3 20 0.009 9

0.2 28 0.007 9

0.1 53 0.002 3
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T-S M REE N E. Fit, FrE &2 TE
B REN RGN 5ROHRE — BB E SO
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